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^ . We review developments in the theoiy of multiple, parallel membranes in M-theory. After discussing the 

inherent difficulties with constructing a maximally supersymmetric lagrangian with the appropriate field 
content and symmetries, we introduce 3-algebras and show how they allow for such a description. Dif- 
ferent choices of 3-algebras lead to distinct classes of 2-1-1 dimensional theories with varying degrees of 
supersymmetry. We then demonstrate that these theories are equivalent to conventional superconformal 
Chem-Simons gauge theories at level k, but with bifundamental matter. Analysing the physical properties 
of these theories leads to the identification of a certain subclass of models with configurations of M2-branes 
on Z^ orbifolds. These models give rise to a whole new gauge/gravity duality in the form of an AdS4/CFT3 
correspondence. We also discuss mass deformations, higher derivative corrections, and the possibility of 
extracting information about M5-brane physics. 
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1. M-theory and M-branes: a brief review 

M-theory is a proposed interacting quantum theory involving fields and extended objects ("branes") 
propagating in 1 1 spacetime dimensions. Its existence has been inferred from the properties of its massless 
fields, including the spacetime metric, which couple to each other via a specific classical lagrangian known 
as "lid supergravity," to be described in more detail below. In addition to the massless fields, M-theoiy 
possesses two kinds of stable branes, namely 2-branes (equivalently referred to as "membranes"), and 5- 
branes. These are dynamical objects that extend in two and five spatial dimensions respectively (as well as 
time) and possess a characteristic tension and charge. 

lid supergravity [1] is a locally supersymmetric lagrangian field theory involving massless bosons and 
fermions. It is special in that eleven is the highest spacetime dimension in which a consistent supersymmet- 
ric theory can be written down that has spins < 2 [2]. The theory has one 32-component spinor supercharge 
in eleven dimensions and, if we allow no more than two-derivative interactions, its lagrangian is unique. 
However, given the non-renormalisability of gravity in any dimension greater than or equal to four, it is not 
obvious how to extend this lagrangian to an ultraviolet-complete quantum theory. For this reason, the role 
of the lid supergravity lagrangian in quantum physics remained unclear for many years. 

The situation for supergravity theories in 10 spacetime dimensions is superficially similar. Type II super- 
gravities have two spacetime supersymmetry chai^ges, which in turn singles out ten as the maximum allowed 
spacetime dimension. With only two-derivative interactions and this amount of supersymmetry there is not 
one unique lagrangian, but rather two possible lagrangians with different field contents. These are referred 
to as type IIA and type IIB supergravity. Again, because of non-renormalisability, these lagrangians by 
themselves do not define an ultraviolet-complete quantum theory. 

However, in these cases, an ultraviolet completion is known. Type IIA and IIB supergravities are the 
low-energy limits of corresponding superstring theories. In particular, this is how type IIB supergravity 
was originally discovered [3] and subsequently constructed [4, 5]. As shown in Ref. [3], there are two 
superstring theories in 10 dimensions, type IIA and IIB. Quantisation of these strings reveals, in particular, 
a spectrum of massless particles. Computations of string scattering amplitudes for these modes can be used 
to read off their low-energy lagrangians, and the resulting theories are type IIA and type IIB supergravity. ' 
This fact, together with considerable evidence that string theory is ultraviolet finite, encourages us to think 
of superstring theory as the ultraviolet completion of type II supergravity. The full theory includes not just 
the massless modes of supergravity but also extended objects, specifically strings. It was later understood 
that the spectrum also includes extended branes. These have been studied from a variety of complementary 
points of view: in terms of worldvolume field theories of the degrees of freedom bound to them, as charged 



'Type IIA supergravity also arises by compactifying 1 Id supergravity on a circle [6-8], as we will discuss in more detail later. 
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extended soliton-like solutions in supergravity, and as one-dimensional matrix models. 

This relation between superstring theory and lOd supergravity provides a basis to conjecture the ex- 
istence of a theory that similarly completes 1 Id supergravity in the ultraviolet (UV). Indeed, it was long 
expected that fundamental membranes play a role analogous to the one that strings play in completing ten- 
dimensional supergravities (see for example Refs.[9, 10]). This idea was further stimulated by the discovery 
that when compactifying lid supergravity, wrapped membranes naturally turn into the fundamental strings 
of type IIA superstring theory [11]. While it has not actually proved possible to quantise fundamental mem- 
branes and derive lid supergravity from them, it was argued via duality [12-14] that there is a consistent 
UV completion of 1 Id supergravity and that stable membranes are an important part of this theory. 

The details of this conjectured theory, called "M-theoiy," will be described below. In addition, for 
previous reviews on M-theory, its duality properties, compactifications, as well as complementary aspects 
of membrane dynamics, we refer the reader to [15-20]. As we will see, lid supergravity has no scalar 
fields and no dimensionless couplings. Therefore in particular it has no tunable coupling constant. The 
same must therefore be true of the hypothetical M-theory whose low-energy action is postulated to be lid 
supergravity. It follows that unlike string theory, M-theory has no perturbative expansion. This makes 
it considerably harder to study than string theory. We believe in the existence of M-theory only because 
of many different properties and relationships that have been uncovered in the last three decades. These 
together provide convincing evidence for the existence of an elegant and internally consistent structure. In 
this chapter and the next, we will attempt to exhibit this structure. A key feature will be the presence of 
supersymmetric membranes and 5-branes. 

The fact that lOd type IIA supergravity arises by dimensional reduction of 1 Id supergravity strongly 
suggests that the ultraviolet completions of the two theories (explicitly known in the former case and con- 
jectural in the latter) are related. Indeed it has been convincingly argued [12-14] that upon starting with 
type IIA string theory and allowing the string coupling to become very strong, the resulting theory reveals 
a hidden eleventh dimension and should be thought of as M-theory. Conversely, upon compactifying the 
underlying eleven-dimensional spacetime on a spatial circle, M-theory reduces to type IIA string theory 
with the string coupling being related to the radius of the circle. This comparison is more subtle and rich 
than comparison of merely the low-energy effective actions. Indeed, here one keeps the Kaluza-Klein states 
[7] arising on compactification, as well as states arising from wrapped or unwrapped branes, and (as we 
explain below) a perfect match ensues. Thus M-theory is in fact a limit of string theory: more precisely, 
a novel and unexpected description of the dynamics of string theory in a strong-coupling region where the 
familiar string formalism (specifically perturbation theory) is not applicable. 

A major puzzle in M-theory has been to understand which, if any, of its degrees of freedom plays 
a "fundamental" role analogous to that of the fundamental string in string theory. This is at least partially 
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answered [1 1] by noticing that when M-theory turns into type IIA string theory upon compactifying a spatial 
dimension, the membrane of M-theory wrapped on tiiis dimension can be identified with the fundamental 
string. In this sense the membrane appears to be the most fundamental object in M-theory, providing 
renewed justification for earlier attempts to treat it thus. Indeed it is presumably the origin of the letter "M" 
in "M-theory." One must however be very careful about this interpretation because while quantisation and 
scattering are well-understood (perturbatively) for the fundamental string, there is no simple analogue for 
the membrane in M-theory. 

A key feature of modem string theory is the dynamics of multiple D-branes [21], which are described by 
the end points of open strings. This description provides a great deal of insight into the worldvolume dynam- 
ics of the branes, which is described by familiar classes of gauge theories augmented by higher-derivative 
corrections. It should not come as a surprise that the dynamics of multiple membranes (and also of multiple 
5 -branes) is more complex than that of multiple D-branes. In pai^allel with our limited understanding of 
everything else about M-theory, relatively little has been known about the degrees of freedom localised on 
membranes and 5-branes. In the last few years, however, considerable progress has been made in under- 
standing the interacting field theory on multiple membranes in M-theoiy. This constitutes the subject of the 
present review. 

We note that there have been various attempts to directly define an eleven-dimensional quantum theory 
of gravity involving membranes. The first, well before the name M-theory was coined, aimed to quan- 
tise membranes as one does for strings. However this was later found to be fraught with difficulties (see 
e.g. [22]). A later definition involved reducing the degrees of freedom to those of matrices living on the 
worldvolume of DO-branes in the so-called infinite momentum frame [23]. That both of these approaches 
involve fundamental degrees of freedom that begin with the letter "M" is surely one of the reasons for the 
current name: M-theory. There is a great deal of literature concerning a single, quantum, membrane in 
eleven-dimensional supergravity; for example see the pioneering works [24, 25]. This review cannot claim 
to do justice to this topic; rather we aim to give a review of recent results concerning the infrared quantum 
description of multiple M2-branes in terms of novel highly supersymmetric gauge theories, analogous to 
the role of Yang-Mills gauge theories on D-branes. 

In the remaining part of this chapter we provide a pedagogical discussion of lid supergravity and its 
relationship to type IIA supergravity in lOd, along with a survey of the stable branes of M-theory. For the 
latter, we start in historical order with their worldvolume descriptions and go on to describe their appearance 
as stable classical solutions of lid supergravity. We then show how M-theory and type IIA string theory 
branes are related. 

The rest of this review is organised as follows. In Chapter 2 we make precise the definition of multiple 
membrane field theory and discuss the Basu-Harvey proposal, involving a triple-bracket, for the struc- 
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ture of such a theory. We also review the basics of supersymmetric Chem-Simons theories which are the 
foundation on which multiple membrane theories are built. In Chapter 3 we develop the mathematical 
structure of superconformal Chem-Simons field theories based on "3-algebras." This includes the con- 
struction of the Bagger-Lambert-Gustavsson (BLG) model, which was the first example of a maximally 
supersymmetric lagrangian that was not a Yang-Mills theory, and the first description of multiple (albeit 
only two) M2-branes. All these developments come together in Chapter 4 where the Aharony-Bergman- 
Jafferis-Maldacena (ABJM) action, the effective description for multiple membranes in M-theory placed at 
an orbifold singularity, is presented. In Chapter 5 we begin the analysis of various features of the ABJM 
theory, including its relation to super- Yang-Mills via the novel Higgs mechanism as well as its connection 
to the BLG models. In Chapter 6 we continue with some more advanced topics, covering the description 
of M-theory momentum by monopole operators, as well as an extension of the theory through a mass de- 
formation and its subsequent spacetime interpretation in terms of dielectric membranes. In Chapter 7 we 
consider more general superconformal Chem-Simons theories with reduced supersymmetry {N = 5,4) and 
give their 3-algebra description. In Chapter 8 a few other potentially interesting directions are presented 
where 3-algebra-based theories play a role, including Lorentzian 3-algebras, higher derivative corrections 
and applications to M5-branes. Some closing remarks are presented in Chapter 9. For a less technical 
review, the reader is referred to [26]. 

1.1. Eleven-dimensional supergravity 

A massless field with spin equal to 2 in four dimensions (and its analogues in higher dimensions) can 
be consistently coupled in a field theory only if the couplings obey general coordinate invariance. The 
spin-2 field is then identified with the metric of spacetime and upon quantisation becomes a "graviton," 
the mediator of the gravitational force. Moreover, interacting massless fields with spin greater than 2 are 
believed to be inconsistent unless there are infinitely many of them. Therefore in trying to constmct a 
supergravity theory we should look for a supermultiplet of bosonic and fermionic fields for which the 
highest spin is 2. 

Indeed, just assuming supersymmetry and a spin-2 field one deduces that the supersymmetry must be 
local in spacetime. This arises from the fact that the anticommutator of two supersymmetries is a transla- 
tion generator - in gravity, translations are promoted to local (general coordinate) transformations and the 
supersymmetry generators accordingly must generate transformations that are local in spacetime. Theories 
of this sort are called "supergravities." 

The metric or graviton field is denoted Gmn with M,N -0,\,- ■ ■ , D - 1. In D spacetime dimensions 
this has \{D - 1)(D - 2) - 1 on-shell degrees of freedom. This counting comes from the fact that the little 
group is SO(D - 2), and the on-shell graviton transforms in the symmetric traceless representation of this 
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group. 

Supersymmetry requires that there be a superpaitner for the graviton, known as the "gravitino" ^M,a- 
The gravitino is the gauge particle of local supersymmetry (just as a Yang-Mills field is the gauge particle of 
usual gauge invariance). It is a fermion with both a vector and a spinor index, M = 0,1,- ■ ■ ,D - I and a = 
1,2, •• • ,D. Here D is the dimension of the iiTeducible spinor representation of the little group, which 
depends in a complicated way on D. The gravitino ^M,a has ^{D - 3)D on-shell degrees of freedom. To 
see this, note that a simple spinor of D components has jD components on-shell while a D-component 
vector has D - 2 components on-shell. Thus a gravitino apparently has j{D - 2)D degrees of freedom. 
However due to the well-known properties of F-matrices the "F-trace" of the gravitino field, defined as 
{T^^M)a = r^^M,/?, is clearly an irreducible representation by itself. Therefore to get an irreducible 
representation one must remove this part by imposing "F-tracelessness" 



-M 



ir"'''i'M)a = , 



(1.1.1) 



which subtracts ^D on-shell degrees of freedom, leaving the number quoted above. 

To find a supermultiplet one can now compare the number of physical degrees of freedom of a graviton 
and a gravitino and try to account for the difference - if any - by introducing additional fields. We look 
for supermultiplets with the minimal amount of supersymmetry in a given dimension. From the discussion 
above, it follows that there will be a single gravitino. We exhibit the degrees-of-freedom count for various 
spacetime dimensions in the following table 



Spacetime dimension 
D 


Spinor dimension 
D 


Graviton 
j{D - 1)(D - 2) - 1 


Gravitino 
i(D - 3)D 


Difference 


4 


4 


2 


2 





5 


8 


5 


8 


3 


6 


8 


9 


12 


3 


7 


16 


14 


32 


18 


8 


16 


20 


40 


20 


9 


16 


27 


48 


21 


10 


16 


35 


56 


21 


11 


32 


44 


128 


84 


12 


64 


54 


288 


234 



The deficit can be made up by adding new bosons to the theory. However, once we reach D > 1 1 there 

are so many bosons needed that we inevitably encounter "spin > 2" fields (we have not proved this here but 
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it is the content of a theorem to which we referred earlier). For D = 1 1, we need to add bosonic fields with 
84 on-shell degrees of freedom to obtain a matching of on-shell degrees of freedom, a necessary condition 
for supersymmetry. Fortunately there is an ineducible representation of the little group S0(9) that has 
precisely this dimension. It is the antisymmetric 3-form Cmnp- In general this has \{D - 2){D - 3)(D - 4) 
on-shell degrees of freedom, and for D = 11 this is precisely 84! 

Thus we may hope to find an 1 Id supergravity theory containing the massless fields 

Gmn, Cmnp, ^M,a ■ (1-1-2) 

Indeed, it was shown by Cremmer, Julia and Scherk [1] that the following action is supersymmetric 
1 



Ik/ 



16;r^(ii) 



p^>x^^(/?-i|Gp + lJcAGAG-^^Mr^^^D;v(^)^P 



-^{^Mr""""'"^^ + 12rr«^^^)(G,,cz) + G,scd) 



(1.1.3) 



Here, ^(ii) is the Newton constant in 11 dimensions. It has dimensions of [length]^ and is often written in 
terms of £p, the 1 Id Planck length, via 

167r^(ii) - — r-^ . (1.1.4) 

2n 

The other quantities appearing in the above action are defined as follows. R is the Ricci scalar and Dm{<jS) 
is the covariant derivative 

Dm{oj)i]/n = Bm^n - T ujmab^^^^n ■ (1. 1.5) 

The spin connections o) and to are defined in terms of the vielbein E^ (defined by E^E'j^ = Gmn) and the 
gravitino iJ/m as 



(^MAB - ^MAB^^^ "•" TT 



16 



^N^MAB ^P - '^{^M^b4'A - ^fM^A^B + if/B^M^f'A) 



^MAB - ^MAB- -TT^N^MAB "A/" ■ (1.1.6) 

with a)jJ^g{E) being the usual Levi-Civita spin connection associated to E^. o) has the property of being 
supercovariant - its supersymmetry variation does not contain derivatives of the supersymmetry parameter. 
Finally, the field strengths G and G are defined as 

Glmnp = 4 SilCmnp] 

3.- 

Glmnp = Glmnp + :zi^L^MN^p ■ (1-1-7) 
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In form notation G = dC and 

|Gp = IJCp ^ iGiMiVpG^''''^ (1.1.8) 

The supersymmetiy transformations, labelled by an arbitrary spacetime-dependent infinitesimal spinor 
parameter e{x), are as follows 

3._ 

5^M = 2DM{^)e+-^(T''Q'''^ + 8TQ^'5/)GpQRse, (1.1.9) 

where the antisymmetrised gamma-matrices are defined as^ r^i- •■^" = y^^'T^^ ■ ■ ■T^"\ 

The above action is general-coordinate-invariant (and actually, since it involves fermions, also local- 
Lorentz-invariant), as one would expect of any action involving gravity. Additionally it is invariant up to a 
total derivative under the "2-form gauge symmetry" 

6C = dK, (1.1.10) 

where A is an arbitrary infinitesimal spacetime-dependent 2-form. 

1.2. Relation to string theory 

So far- we have not exhibited any relationship between M-theory and string theory. A relationship 
between them is strongly suggested by the compactification of 1 Id supergravity to 10 dimensions. For this, 
we assume the eleventh dimension x^^ is compactified on a circle with periodicity x^^ = x^^+2nR\Q and find 
the massless fields in ten dimensions by taking the eleven-dimensional fields to be independent of x^^ . We 
must also decompose tensors and spinors into irreducible representations of the ten-dimensional Lorentz 
algebra. This is part of the process called Kaluza-Klein reduction (which additionally involves massive 
fields in the lower dimension arising from non-constant modes over the compact space). ^ 

Let us now use the indices iu,v,- ■ ■ to denote lOd spacetime indices and a,b,- ■ ■ for lOd tangent-space 



^The action and supersymmetry transformations given above follow from those of Ref . [ 1 ] by rescaling tf/M and Amnp such that 
a common factor of (16;r^)"' appears in front of all terms, and then sending T^ — > iT^, F** — > /P', 5^ — » d^, &' — > -&', if/ — > itfr to 
convert from the "mostly minus" metric there to the "mostly plus" one used in the present review. 

^For a review of Kaluza-Klein supergravity see [27]. 



indices. Then the lid metric and 3-form reduce as follows [7, 8, 13] 

Q(m _ ^(10) 2r^ ^ ^(11) _ 2y^ ^(11) _ 2y 

^(11) _ ^(10) ^(11) _ n n 9 n 

The quantities on the right hand side of the equalities are all ten-dimensional (both in the sense that they are 
representations of the lOd Lorentz group and that they depend on the lOd coordinates). This has not been 
denoted explicitly by a label except where confusion may occur. ^ 

The decomposition of the metric in the first line was chosen in part so that, using the standard identity 
for block matrix determinants 



A B 
C D 



\A-B'^D~^C\\ \\d\\, (1.2.2) 



we have 



Gm\= J\\Gm\e^ . (1.2.3) 



The curvature term of the 1 Id action then reduces as 



2n 



Jj'^xJ^/?^!^ J/^^M (.^(/?-i|JrP)-le-^W^ . (1.2.4) 



{2n£pf 
Similarly the 3-form-dependent terms of the lid action reduce as 

{IntpflJ y i2n£pf2j V" ^ ^ ' ' '^ 



(27rf„) 



IfcAGAG ^ J2fl}^l fBAdd''^AdC^''\ (1.2.5) 

6 J (27r^„)9 2 j 



where we are being schematic and have omitted terms that involve powers of A. We notice that the bosonic 
fields of the dimensionally reduced theory, that is a metric G^,v, a scalar y and a 1-form, 2-form and 3-form 
A,B,C (we drop the superscript (10) from now on), are in one-to-one correspondence with the fields of 
type IIA supergravity in 10 dimensions. The latter has a metric, a scalar O called the dilaton and a 2-form 
B, all coming from the Neveu-Schwarz-Neveu-Schwarz sector, and 1-form and 3-form Ramond-Ramond 
potentials A and C. 



''Note that 7 is a scalar field. The decomposition above anticipates that an exponential parametrisation for the scalar will be 
natural. 
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The bosonic part of the type IIA supergravity action is 

In 



'IIA 






{Inl,) 

^-^- \ B hdC hdC + --- , (1.2.6) 



where is is the "string length" associated to type IIA string theory, of which this lOd supergravity is the 
low-energy limit. 

To match the two sides we may perform a Weyl transformation on the metric and also a rescaling of 
y. However we are not allowed to absorb powers of e^ in the gauge potentials A, B, C as these will lead to 
derivative couplings with the dilaton which are not present in type IIA supergravity in the frame in which 
we are working. It is now easy to see that with 

G^,^e~yG^,y, ^ = \y^ (1-2-7) 

the two actions match perfectly up to the overall constants in front of the integrals. 

To match these constants, we first note that the lOd and lid Planck lengths ai-e related by virtue of the 
relation between lOd and lid metrics 

g':^ = e'yd,\'^ = e-i'>G\!^^ . (1.2.8) 

This tells us that a given physical distance L, when measured in units of £p, is related to the same distance 

as measured in units of £s by 

A . ^4ril = e-5i'^ . (1.2.9) 

f f f 

Vp Vg T^s 

From the dilaton dependence of the type IIA action above we can read off that the constant part or VEV of 
the dilaton defines the string coupling via 

e^'^^^gs. (1.2.10) 



1 

- „3, 



It follows that 

tp = glls. (1.2.11) 

With this identification, we can match the coefficients if we set 

(27r)2/?io In 1 

-^ — - — — = (\1\T\ 

(ln€pf {2nfsf gV 

where on the RHS we have extracted the VEV of e^^*^ from the integral. Substituting Eq. (1.2.11) in 
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Eq. (1.2.12) we immediately find 

Rio = gs^.. (1.2.13) 

To summarise, we have seen in this section that 1 Id supergravity, when compactified on a circle to lOd, 
is identical to type IIA supergravity. There is a definite relationship between the Planck lengths of the two 
theories, and also between the radius of compactification of the lid theory (a parameter absent in the lOd 
description) and the coupling constant of the lOd theory (absent in the lid description). At small radius 
or weak coupling the type IIA description is more appropriate, while at large radius or strong coupling it 
is the lid description that is more appropriate. As we remarked earlier, since type IIA supergravity in lOd 
has a consistent ultraviolet completion in the form of type IIA string theory, this strongly suggests that lid 
supergravity also has a consistent UV completion, which corresponds to the strongly coupled limit of type 
IIA string theory. It is this hypothetical completion that bears the name "M-theory." 

1.3. Motivations to study extended objects 

There are two distinct kinds of limitations in our understanding of M-theory. One is that we have 
formulated it in a fixed spacetime background^ and it is not clear how to study M-theory in a background- 
independent way. Of course an analogous problem holds also in the existing formahsms of string theory. 
The other limitation is that there is no direct way to prove the existence of a consistent ultraviolet completion 
of 1 Id supergravity. In contrast, it can be quite convincingly demonstrated using the string perturbation 
expansion that superstring theories in 10 dimensions are ultraviolet finite, so at least in perturbation theory 
we can be sure they provide consistent UV completions of their low-energy supergravity theories. This 
cannot be repeated in M-theory due to the absence of a coupling constant. 

However, given that in string theory it is the string size that cuts off possible ultraviolet infinities, one 
might suspect that something similar holds in M-theory, namely that it is a theory of not just point particles 
but also extended objects, one or more of which somehow provides an ultraviolet cutoff. This provides an 
important motivation to study extended objects or branes in 1 Id supergravity, to which we turn our attention 
in the following section. 

Another related motivation to study extended objects in 1 Id supergravity is that the spectmm of type IIA 
string theory contains, besides the fundamental string, a profusion of other stable supersymmetric extended 
objects. The latter include both Dirichlet branes ("D-branes") that exhibit unusual and striking features, 
as well as other more conventional branes. If the relationship that we have discussed above between 1 Id 
supergravity and type IIA supergravity in lOd lifts to a relationship between the hypothetical M-theory and 



^While here we have only chosen flat Minkowski spacetime, many other noncompact and partially compactified backgrounds 
are known and have been investigated. 
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the UV-complete type IIA string theory, there must be a precise relationship between the stable branes in 
the two theories. With this motivation in mind we construct branes of M-theory in the next section from two 
points of view: as extended world volume field theories and as soliton-like extended solutions of classical 
lid supergravity. Then we go on to discuss their relationship with branes of type IIA string theory in lOd. 
As the title of this review indicates, the M-theory brane that will be of greatest interest to us is the 2-brane 
or membrane. 

1.4. Worldvolume actions for M-theory branes 

Worldvolume actions for particles or extended objects determine (after quantisation) the quantum me- 
chanical behaviour of these objects. Typically they are made up of kinetic terms and couplings to gauge 
fields under which the object is charged. For M-branes, the worldvolume action crucially includes couplings 
to the 3-form gauge field. 

To understand the origin of such couplings, recall the well-known coupling of a particle to a gauge field 
Am, which is 

"^AudX^, (1.4.1) 



f 



integrated along the worldline of a particle. The worldline itself is given by some function X^{t) where t 
is a parameter. Then the above coupling can be better written as 



Am(x (t)) -^dT= \ ArdT, (1.4.2) 

where 

dX^ 
Ar = AM-j-, (1.4.3) 

dT 

is the "pull-back" of the gauge field onto the worldline of the particle. 

In string theory we encounter a generalisation of this where the particle worldline X'^{t) is replaced by 
the string worldsheet X*^(<t, r) where cr labels points along the string. The analogous coupling of the string 
is to a 2-form field Bmn 

\ Bmn dX'^ A dX^ = f Bf.yd^'' Ad^^ , (1 .4.4) 

where ^^ - (^°, ^') - (t, o") and 

dX^ dX^ 

Br,y — Bmm —— — , (1.4.5) 

^ d^f d^" 

is the pull-back of the B-field to the string worldsheet. 

In general, the rank r of the gauge potential is related to the spatial dimension p of the charged object 

hy r = p + I. In the examples above, we see that point particles (p = 0) are electrically charged under 
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l-form potentials, as is familiar in electromagnetism, while strings {p = 1) are "electrically" charged under 
2-forms. Now as long as all dimensions are noncompact, the only gauge field in lid supergravity is the 
3-form Cmnp- It follows that the only possible electrically charged objects in this theory are 2-branes, or 
membranes, whose charge is manifested via the worldvolume coupling 

[cmnp dX^ A dX^ A dX'" = f Ci^yA d^^ A dC Ad^^ = ^ f d^^e^'^'^C^yx ■ (1-4.6) 

Here (^°,^\^^) are the worldvolume coordinates, with the first one being worldvolume time and the last 
two labelling points on the membrane, while 



dX^dX^dX^ 
d^i" d^" d^^ 



C^vA = Cmnp -j^ 3^ 3^ , ( 1 -4.7) 



is the pull-back of the C-field to the 2-brane worldvolume. 

While the above must be a term in the 2-brane action in M-theory, it cannot of course be the whole story. 
As mentioned above we need to add kinetic terms. In addition, as we will explain later, the stable 2-branes 
in M-theory are actually supersymmetric. Therefore we have to supersymmetrise the worldvolume action. 

We first present the bosonic part of the M2-brane action. It contains 1 1 scalar fields X'^i^) representing 
the brane coordinates, and a worldvolume metric g^y that is treated as an independent field. The lid 
supergravity fields Gmn and Cmnp ai'e treated as fixed backgrounds and the action is [9] 

S'~ - /^'^(l ^/^Gm;v5^X^5,X^ - 1 ^+ lf/^'"*CMivp5^X^5,X^5,X^J . (1.4.8) 

This is rather similar to the well-known action for a string worldsheet. Note however that while the world- 
volume metric decouples for that case (in the critical dimension), here it remains a dynamical degree of 
freedom. Moreover the cosmological term in the worldvolume metric sets it equal, via the equations of 
motion, to the pull-back of the spacetime metric onto the brane 

g^^y^GMNdf^X^'dyX'' . (1.4.9) 

Supersymmetrising this action is most effectively done in superspace. To avoid going into all the 
complexities of the superspace construction, we restrict ourselves at present to a flat target spacetime, 
Gmn - Vmn with vanishing 3-form Cmnp, which will provide sufficient insight. In this case, the superspace 
action is easily reduced to an action for the bosonic coordinates X ^ and a set of fermionic coordinates 
9", a = 1, 2, • • • ,32. The latter are spinors in spacetime and scalai^s on the brane worldvolume. Although 
the number of bosonic and fermionic coordinates is not equal, we will soon see that both of them are effec- 
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tively reduced to 8 degrees of freedom thanks to various symmetries. The discussion that follows is based 
largely on Ref. [28]. 



Let us define the quantity 
The supersymmetric M2-brane action in flat spacetime with a vanishing 3-form gauge field is then 



nf = d,X^ - WT^d.e . (1.4.10) 



S7I - \ d'^{^^MrK^:! -\^\ 



+ '^e^"'0YMNd^9 



nf nf + /nf ^r%0 - \ er^dyO 9T%e 



(1.4.11) 



Note that even though the background 3-fonn Cmnp has been set to zero, the last term in the above action 
resembles a 3-form coupling - in paiticulai; it is independent of the worldvolume metric and therefore 
topological. Indeed, it arises from a 3-form coupling in superspace. 

The symmetries of this action under spacetime translations and Lorentz transformations, as well as 
under local worldvolume reparametrisations, are manifest. That leaves the fermionic symmetries, which 
ai^e of two types. One is a rigid supersymmetry transformation with a constant parameter £'\ which is a 
spacetime spinor and a worldvolume scalai\ This transformation is 

6X^ = -idT^s 

69 = s 
<5gpv = 0. (1.4.12) 

We see that the worldvolume metric is neutral under this rigid spacetime supersymmetry. The other is a local 
fermionic symmetry, called K-symmetry, with an arbitrary worldvolume coordinate-dependent parameter 
A'"(^) that, like e"^, is a spacetime spinor and worldvolume scalar. The worldvolume metric transforms 
non-trivially under the /c-symmetry transformations. It is convenient to define the quantities 



ji, ^ nfFM 



/J 
1 



2^^ 



f^^'FlvFl. 



-^e^^-^Fi^p.Fi^ . (1.4.13) 
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The /c-symmetry transfomiations are then given by^ 



6X'^ = i9T'^{\+T)K 



69 = il+T)K 
s{^|\F\g'''') = ig''^e''^''P-Ki\+T)d^enAnp (1.4.14) 

+ ^ ^<rrip^y)Ap -j^a^^g (n^R^M H^ Hp^ + U^U.m grp + g.A grp) ■ 

3 Vl^l ^ ' 

We will return shortly to the question of gauge-fixing this local symmetiy. It is useful to note at this stage 
that the A'-symmetry variation of 11^, defined in Eq. (1.4.10), vanishes. As a consequence all the quantities 
inEq. (1.4.13) are A:-invariant.' 

Let us now examine the equations of motion following from the action Eq. (1 .4. 1 1 ). As already indicated 
above in a bosonic context, the equation of motion for the worldvolume metric sets it equal to the pull- 
back of the spacetime metric. In the present case the spacetime is flat but since we are dealing with a 
supersymmetric theory, we find from Eq. (1.4.10) that the pull-back is implemented via the super-covariant 
quantity 11^ 



This equation ensures the useful relations 



gpv = n^Mnf. (1.4.15) 



r^^i 



{T^,T^|-2g/^^. (1.4.16) 

The equation of motion for the bosonic coordinates X^ is 

A^ ^ 5^ { ^/^nf - ie^^' (d r^^5,e) (n,^ + ^9 r^^,^) } = , (i.4.i7) 

while the equation for the fermionic coordinates is found to be 

(l-n^'^^nf Fm^v^-O. (1.4.18) 



*We assume the membrane is closed and has no boundaiy. 

'The factors of |g| cancel out against implicit powers in the e symbol. 
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The latter equation can be rewritten, using both relations in Eq. (1.4.16), as 

B = (\-r)T''df,e = 0. (1.4.19) 

Note that both the above equations are invariant under the rigid supersymmetry transformations as given in 
Eq. (1.4.12). 

Using the equations of motion we can finally analyse the on-shell degrees of freedom of the super- 
membrane. The reason we have given names to the LHS of the above equations is that it becomes easy to 
display three relations among them 

U^Am = -2i ^J\i\^^GB. (1.4.20) 

Since these equations involve only the canonical momenta YVjf of the bosonic coordinates X'^ , without 
any time derivatives of the momenta, they are not dynamical evolution equations. Instead, they amount to 
constraints. In this way the 1 1 bosonic coordinates are reduced to 8 independent coordinates. 

For the fermions, we started with (f which has 32 components. By virtue of the last equation of 
Eq. (1.4.16), r'' acts like a gamma-matrix and therefore Eq. (1.4.19) is like a Dirac equation. However it 
differs from a conventional Dirac equation by having the projection operator (1 - F) in front. Indeed this 
is what ensures /c-symmetry, which acts by a shift in G preceded by the orthogonal projector (1 -i- F) (the 
remaining quantities are already /c-invariant as we have noted.) This allows us to remove half the degrees 
of freedom of ff^. The Dirac equation then has its usual effect of halving the remaining degrees of freedom, 
so at the end we are left with 8 on-shell fermionic coordinates. The matching of on-shell Bose and Fermi 
degrees of freedom is a necessary condition for supersymmetry. 

To extract the physical degrees of freedom one must choose a suitable gauge that fixes worldvolume 
reparametrisations and /c-symmetiy. A convenient choice is static gauge, in which we choose the time and 
two arbitrary spatial directions in the target spacetime and identify them with the worldvolume coordinates. 
Thus, we first carry out a split and re-labelling 

X'^ ^ {X^' ,X'), //- 0,1,2; / = 3,4, • • • , 10 , (1.4.21) 

and then impose the gauge-fixing conditions 

X^'^^>', // = 0,1,2. (1.4.22) 

For our purposes it is sufficient to assume this has been done locally. Whether these conditions can be 
imposed globally will depend on the topology of the membrane. 
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Once the static gauge has been chosen, we must re-examine the symmetries of the theory. Those which 
violate the gauge condition will, clearly, no longer be symmetries of the gauge-fixed theory. However some 
linear combinations of them may preserve the gauge and these will be genuine symmetries. An example of 
this is the combination of general coordinate transformations on the worldvolume (which can be represented 
infinitesimally as local worldvolume translations) and spacetime Lorentz symmetry 

6X" = ri\^) dyX^ + A^X^ . (1.4.23) 

Choosing M = ju, v/e see that each of these terms separately violates the gauge condition. However per- 
forming both transfoiTnations together on X'^', we get 

SXf" = r]f' + A^y^'' + A^jX' . (1 .4.24) 

This variation vanishes for the special choice 

T^^^-Ale-A^jX' . (1.4.25) 

It follows that the gauge-fixed theory will be invariant under those combinations of worldvolume translations 
and spacetime Lorentz transformations that satisfy Eq. (1.4.25) above, namely 

6X' = - (A't ^^ + A'^jX') d^X' + A'jX-' . (1.4.26) 

The first term on the right-hand-side corresponds to a worldvolume Lorentz transfoimation for a set of 
scalars X' . To see this, note that under 

^1" -^^^^ + t^y^\ (1.4.27) 

where {^y - -{y^ is the parameter of worldvolume Lorentz transformations, a worldvolume scalar (p{^) 
changes by 

dc/> = {''yedf,4>. (1.4.28) 

This tells us that A^y is to be identified with -£^y and the S0(2, 1) subgroup of the spacetime Lorentz group 
SO(10, 1) is thereby identified with the S0(2, 1) worldvolume Lorentz group. 

The last term on the RHS of Eq. (1.4.26) shows that the X' are vectors under rigid S0(8) rotations 
of the spacetime transverse to the membrane worldvolume, generated by the parameters A^^. Finally, 
the second term on the RHS of Eq. (1.4.26) is a non-linear transformation that parametrises the coset 
SO(10, 1)/S0(2, 1) X S0(8). 

The same combination of worldvolume general coordinate transformations and spacetime Lorentz trans- 
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formations on the fermionic coordinate 9 (which is a spacetime spinor and worldvolume scalar) becomes, 
in the static gauge 

69 = -K^e^i. 9 + l^My^'^G + ^A//r"0 , (1.4.29) 

where we have written only those terms that depend on the S0(2, 1) x S0(8) parameters. The first two 
teiTiis in Eq. (1.4.29) give the transformation laws of a worldvolume spinor, while the last term is the 
transformation law of a spacetime spinor under transverse S 0(8) rotations in spacetime. 

We have only gauge-fixed the worldvolume reparametrisations. It still remains to fix the local k- 
symmetry on the worldvolume. This may be achieved by imposing 

(l+r*)6i-0, (1.4.30) 

where 

r* = rir2...r^ . (1.4.31) 

This projects to a chiral spinor with respect to S0(8). In what follows we will assume the above steps 
have been carried out and the fermionic coordinate is re-labelled i/^, A = l,2, •••,8 coixesponding to a set 
of 8 real two-component worldvolume spinors transforming in the spinor of S0(8). 

In parallel with the case of bosonic symmetries discussed above, we now find that the (rigid) spacetime 
supersymmetry transformations are not by themselves invariances of the gauge-fixed action, but must be 
accompanied by a compensating A'-symmetry transformation as in Eq. (1.4.15). One can easily show that 
the static-gauge theory has maximal or AT = 8 global supersymmetry in 2-1-1 dimensions. 

From here on we will always work in static gauge. The bosonic part of the action is 

SmUni: - -Tm2 \d'^ ^-det{rj,,^:l-d,X%X') ~ -'- J d.X'd^X' + ^ OidXf + • • • , 

(1.4.32) 
where Tm2 = (2?r)~^^p^, and on the right hand side we have dropped a constant and restored the precise 
dependence on the 1 Id Planck length ip, as well as constant factors. We see that the action is an expansion 
in powers of derivatives, where the leading term is simply the free kinetic term for 8 worldvolume scalars 
X'. 

The number 8 coincides with the number of spatial directions transverse to the M2-brane. This is no 
coincidence but can be derived by noticing that in the presence of a 2-brane, spatial translational invariance 
of the bulk theory is broken from ten independent translations to only two (those along the brane). The 
eight broken translations correspond to the directions transverse to the brane. From the worldvolume point 
of view these appear as spontaneously broken symmetries, and we therefore expect - and find - an equal 
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number of massless Goldstone bosons - the scalar fields X'. 

The above action (after incorporating the fermion terms) represents a single M2-brane. The question 
now is to understand what should be the action for multiple M2-branes. This is an interesting problem even 
at lowest-derivative order, and is the main subject of this review. Before addressing it directly, we continue 
by reviewing a different approach to M2-branes, wherein they are seen as stable supersymmetric soliton 
solutions of the bulk lid supergravity. 

1.5. M-branes as solitons 

In this section we display the stable brane solutions of lid supergravity. Their stability will be guar- 
anteed by supersymmetry through a result of Witten and OUve [29], who showed that for charged config- 
urations in supersymmetric theories, the charge in appropriate units typically provides an exact quantum- 
mechanical lower bound on their mass (or tension, for extended objects). This bound was originally discov- 
ered (in a classical, non-supersymmetric context) by Bogomolny, Prasad and Sommeiiield [30, 31] and is 
known as the EPS bound. The simplest EPS branes preserve half of the 32 spacetime supersymmetries of 
the supergravity theory. In addition to guaranteeing stability, this property will provide a relatively simple 
method to discover the brane solutions. 

In what follows it will be convenient to use the eleven-dimensional "Planck length" £p, as defined in 
(1.1.4). The condition for a background Gmn, Cmnp, ^m.q- to preserve supersymmetry is that there should 
exist some nonzero spinor or spinors e such that the supersymmetry variations on the given background 
vanish. Since we only consider bosonic backgrounds (the fermions are set to zero), the supersymmetry 
variations of the bosons vanish identically. Thus we only have to check the supersymmetry variations of the 
fermions. Then the requirement for a supersymmetric solution is 

6^M ^ Dm{oj) € - ^(r^eR^^ + Spe^s^/) Gpqrs e = 0, (1.5.1) 

where we have dropped the hats on a> and G4 because the fermionic terms have been set to zero. Eeing first 
order, these equations are much easier to solve than the full second-order equations of motion. Moreover, 
because of supersymmetry, the corresponding configurations still satisfy the EOM. 

Charged solutions carry the fiux of some (generalised) gauge field. The only possible flux in uncom- 
pactified lid supergravity comes from the 3-form C3, whose field strength is the 4-form G4 - dCj, defined 
above. The spatial components of this 4-form, Gimnp, are analogous to a magnetic field while the compo- 
nents with one time and three space indices, Gomnp, are analogous to an electric field. Accordingly, classical 
solutions will be labelled "electric" or "magnetic" depending on which of these fluxes they involve. The 
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electric field is conveniently studied by dualising it to a 7 -form 

G7 = *G4--C3 AG4. (1.5.2) 

and then retaining the spatial components Gimnpqrs of this 7-form. The C3 A G4 contribution ensures that on 
shell, dGj = in the presence of the Chern-Simons term. 

Let us first find the magnetically charged classical solution. As discussed above, this will have a non- 
trivial flux Gimnp- The magnetic charge will be L4G4 = Q^'"\ Here 5"* is a 4-sphere that encloses the 
charged object. This in turn tells us the dimensionality of the object, for in D spacetime dimensions (equiv- 
alently D - 1 spatial dimensions), a cf-sphere encloses a. D - d - 2 dimensional object.^ Since we are now 
considering a 4-sphere in 11 dimensions, the above fomiula tells us that the charged object must extend 
along 11-4-2 = 5 dimensions. Therefore this is a 5-brane, henceforth referred to as the M5-brane [32]. 

By a similar argument involving spatial components of the 7-form flux defined above, we conclude that 
an electrically charged object in 1 1 dimensions must extend along 11-7-2 = 2 dimensions. This is 
therefore a 2-brane, called the M2-brane or membrane. In this case we will have a nonzero value of the 
electric charge J 7 G7 - Q^"'' where 5^ is a 7-sphere enclosing the M2-brane [33]. 

There can be more general objects carrying both types of charges [34-36]. These would be inteipreted as 
bound states of M2- and M5-branes. They will turn out to preserve less supersymmetry than the individual 
planar M2- and M5-branes. Note that in 11 uncompactified dimensions there are no other gauge fields and 
therefore no other types of charges available. As a result we do not expect to find any other stable, charged 
soli tonic objects in the theory. In particular, there are no stable strings, which is further evidence that lid 
supergravity is not the low-energy limit of a string theory. 

1.6. The M2 and M5-brane tension 

Let us now describe the M2-brane solution in some detail [33]. We take the coordinates along the brane 
to be y^ - {y^,y^,y^) while the coordinates transverse to the brane are denoted^ x^ - (x^,x^,- ■ ■ , x^)- A 
planar 2-brane will have a symmetry S0(2, 1) x S0(8) corresponding to Lorentz transformations within the 
brane worldvolume and rotations of the space transverse to the brane. We also expect to have translational 
invariance along the brane, i.e. in the ^-coordinates. 



*In 3 space dimensions this is familiar as the fact that a 2-sphere 5" encloses a point, and a circle 5' encloses an infinitely 
extended string. 

'Here x' are just coordinates and not functions of y'', which is why we denote them by lower-case letters. 
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These symmetries determine the M2-brane metric and electric flux to be of the form 

ds^ = f(i){r)dy^dy^+f(2){r)dx'dx' 
Gour = fo){r), (1.6.1) 

where r is the radial distance from the brane 

r= ^l{x^f + {x'^f + ■■■ + {x^f, (1.6.2) 

and f(i){r), i = 1, 2, 3 are functions of r that need to be determined. 

Imposing the equations of motion of 1 Id supergravity on the above ansatz, one finds that the three 
functions f(i)(r), f{2){r) and /(3)(r) ai^e all determined by a single function 

HMiir) = 1 + ^^ , (1.6.3) 

where tmi is a constant and HMiir) is harmonic in the eight transverse dimensions: djdjHMiir) = 0. In 
terms of this function we have 

f(i){r) - HMiir)'-^ 



/(2)(r) - HMiir) 
d_ 
' dr 



h){r) - --(HMiir)-') . (1.6.4) 



We can evaluate the total charge of the solution by integrating the appropriate flux. Using Eq. (1.5.2) 
and inserting the solution for G4 specified in Eqs. (1.6. 1), (1.6.4) we find the dual 7-form flux to be 

x' 
GjiJ2-Jt = (>irM2) ^iJiJ2-Ji— • (1.6.5) 

In spherical polar coordinates (r, 9') with / = 1, 2, • • • ,1 ,G-i has components only in the angular directions 
and can be written 

G 0,02-97 = (^ir mi) fe, 02-67 ' (1.6.6) 

from which it follows that the electric charge of the M2-brane is 

Q^'^ = 6 {rMif nj - 2n\rM2f , (1.6.7) 

with Q7 - ^n'^ being the volume of a unit 7-sphere. 

22 



By comparing the metric with Newton's law in the weak-field approximation, we can obtain a relation 
between the parameter rM2 in the solution and the tension of an M2-brane. The basic formula relates the 
time-time component of a static p-brane metric in D spacetime dimensions to the brane tension. For static, 
pointlike sources, Einstein's equations in D spacetime dimensions 

V - 2^/^^^ = ^^&(D)Tt,y , (1.6.8) 

reduce to 

Rm = ^^^ng^D)p. (1.6.9) 

Using /?oo - ~2^^goo to leading order in the Newtonian approximation, one gets 

V^^oo - -2 ^—^ 87r^(z))P . (1.6.10) 

Comparing this with Newton's equation 

V^(t> = Ang(D)P, (1.6.11) 

we identify 

goo--(l+4^<^J . (1.6.12) 

For a pointlike source with p{x) = M6^~^(x), one has 

'(D-3)QD_2r^-3 ' 



47rg(z))M 1 
^W ^ -77: — ^77^ FTT ' (1.6.13) 



and therefore 

Since we assumed the source to be pointlike, this formula describes the Newtonian limit for black holes 
in arbitrary spacetime dimensions. It is easily generalised to extended black p-branes. In this case, we label 
the coordinates A,B = 0,1,- ■ ■ , D - 1 of which the subset iJ,v = 0,1,- ■ ■ , plie along the brane. For a static 
brane configuration T^y = rj^vP and hence Eq. (1.6.9) is modified to 

Roo - ^''_~ ^ng(D)P , (1.6.15) 

and therefore 

goo--(l+4 ^~^~^ <^) ■ (1.6.16) 
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Moreover, Eq. (1.6.13) changes to 

^^^^ " "7?; ^TT; oTTIT ' (1.6.17) 

{D- p-3) Q.D-p-2 r'J-P-^ 

where Tp is the tension of the p-hia.ne, with dimensions of (mass)''^^ Combining these two results, we 

have 

^ _ /, l6ng^D)Tp 1 \ 

^"° - "r (D- 2) Q,_,_, .-.-)■ (1-6-18) 

Applying this formula to M2-branes in 11 dimensions and comparing with Eq. (1.6.1) we find 

(rMi) ^ -r"7^~ "2 rM2 , (1.6.19) 

where «2 is the number of 2-branes and Tmi is the tension of a single M2-brane. Using Eq. (1.1.4) we then 
obtain 

{rMif = nS 7:^2 ^ITmi . (1.6.20) 

For the M5-brane [32], we take the coordinates on the brane to be y^ = (y^,y^, ■ ■ ■ ,y^), and the coor- 
dinates transverse to the brane to be x' = (x^,x^,- ■ ■ , x^). By reasoning similar to the M2 -brane case, we 
assume a symmetry S0(5, 1) x S0(5) and also translational invariance in the ^-coordinates. These symme- 
tries fix the metric to be of the form 

ds'^ - g(^i){r)dy''dy^ + g^2){r) dx' dx' . (1.6.21) 

Here r is the radial distance from the 5-brane 

r= ^(;ci)2 + (;c2)2 + ... + (;c5)2. (1.6.22) 

Thus we need to find the functions g(i)(r) and g(2)ir), and as before these are determined by a single function 

HM5(r) = 1 + ^^ , (1.6.23) 

where tms is a constant (that will be related to the magnetic charge of the 5-brane), and HMsir) is harmonic 
in the 5 transverse dimensions: djdjHMsir) = 0. In terms of this function we have 

i 

'3 



2 



g{i)(r) = HMsiry 

g(2){r) - HM5(rp . (1.6.24) 
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Additionally the magnetic flux of the solution is 

^9,0219364 - 3(rM5) ee^g^e^e^ . (1.6.25) 

The magnetic charge of the solution is 

e(-) = r G - 3 (rM5)'f^4 = ^n\rM,f , (1-6.26) 

Js-* 

where Q4 = ^n^ is the volume of a unit 4-sphere. 

Finally, using the Newtonian approximation once more, we find the relation 

{rMsf -3271% fpTMS, (1-6.27) 

where «5 is an integer, the number of M5-branes. 

Since M-theory has only one dimensional pai^ameter ip, we can predict on dimensional grounds that 

Tm2 ~ -J, Tm5 ~ -g - (1-6.28) 

Additional information on the actual values can be obtained using the Dirac quantisation condition, which 
tells us that 

1 Q(e)Q{m) ^ 2nn , (1.6.29) 



167rG(ii) 

where n is an integer [37]. Choosing single branes and the minimum quantum, i.e. n2 = n^ = n = I, and 
making use of Eqs. (1.6.7), (1.6.20), (1.6.26), (1.6.27) we find 

In 



{2n€pf 



Qie)Qim) ^ ^2n)Hl Tm2 Tm5 - (1-6-30) 



Setting the RHS equal to 2n (because of the Dirac quantization condition), we find 



{27lf 

{IMpf 



TmiTm5 = ,^_„ ,9 ■ (1-6-31) 



In the next section, we will argue that the correct answers are 

Tm2 = T? Tm'; = . (1.6.32) 

(iKip)^ {Intpf 

In the above solitonic description of branes it follows, using the techniques of soliton physics, that the 
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translation symmetries broken by the brane are collective coordinates. Therefore the brane world volume 
will support a corresponding number of massless scalar fields. The M2 -brane theory should then have 8 
massless scalars, which we have already encountered in a previous section, while the M5-brane theory 
should have 5 massless scalars. 

1. 7. Relation to branes in string theory 

If M-theory exists, the brane solitons we have found must be among its stable quantum excitations. The 
relation to string theory suggested in the previous section then tells us that after compactifying on a circle, 
the M-theory branes must reduce to one of the branes in type IIA string theory [12-14, 38]. Indeed one 
should be able to account for all stable branes in type IIA string theory from the M-theory perspective. This 
is potentially a challenge, since type IIA string theory has stable BPS DO, D2, D4 and D6-branes,^*' as well 
as the fundamental string and the NS5-brane, while M-theory only has M2 and M5-branes. At the same 
time, we have already reproduced all the massless p-form gauge fields under which the branes of type IIA 
string theory are charged; this provides a hint that things should work out properly. 

Recall that BPS D/7-branes in type II string theory have tensions 

1 2n 
T„ = r- (1-7-1) 

In addition, there is a stable string (the fundamental string) and its electric dual, the NS5-brane. The 
formulae for their tensions are as follows 



2n 1 2n 



F\ - 7:r~rTT' ^ns5 



{2ne,r " gl{2ni,f 



(1.7.2) 



We may now try to derive these results starting with M-branes. However there is a potential problem. 
The tensions of string theory branes were calculated at weak coupling. One might expect them to be 
renormalised by the time we reach M-theory in the strong coupling hmit. Fortunately here we may rely on 
the fact that the branes under discussion are maximally supersymmetric. It can be argued that the tension 
of such supersymmetric branes is exact [40] - an example of a non-renormalisation theorem. Therefore we 
are free to proceed and compare BPS branes in the two theories . 

Now when compactifying on a circle, the M2 -brane can be either wrapped on the circle or transverse 
to the circle. In the first case it looks (as R\q — > 0) like a string or "1 -brane." In the second case it is a 
2-brane. Doing the same thing for an M5-brane, we get a 4-brane when it is wrapped along the circle and 



'"it also has D8-branes but, being domain walls, these change the nature of the spacetime and render the low-energy theory 
massive. It has recently been argued [39] that massive type IIA theory does not have a strong-coupling, weakly curved limit. 
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a 5-brane when it is transverse to it. To match with the branes in string theory, the only possibilities are 
that the wrapped M2 becomes the fundamental string (Fl), the transverse M2 becomes the D2-brane, the 
wrapped M5 becomes the D4-brane and the transverse M5 becomes the NS5 brane. 

This gives rise to a definite set of predictions. Let us start with the M2 -brane. Above, we stated without 
proof that its tension is 

r„ = ^ . (1.73) 

Assuming this to be true and wrapping on the circle, the tension of the resulting brane is 

which is coiTcct. This result basically serves to fix the tension of the M2-brane. 
Now consider the transverse M2-brane. Its tension is 

1 



Ml 



AnHl 



1 



1 1 



= Td2. (1.7.5) 

This is a remarkable agreement, and a very precise test of the M-theory conjecture. 

For the M5-brane, the story proceeds as follows. We have previously proposed that its tension is 

1 



!M5 



31n^^p ■ 



(1.7.6) 
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Wrapping on the circle, the tension of the resulting brane is 



^wpped ^ TM5^2nR 



10 



167^4^2^ 

1 In 



gs (2n£s)^ 
= Td4, (1.7.7) 



which is correct, but again can be thought of as a determination of Tms ■ 
Finally, the transverse M5 -brane gives 



1 



' M5 



32n^Cl 
1 1 

1 2n 

2i2ne,f 

= Tns5, (1.7.8) 

which is again a successful test of the equivalence between M-theory and type IIA string theory. 
This leaves the DO and D6 branes. From Eq. (1.7. 1), the mass of a DO brane is 

^0 = "V = ^ ■ (1-7-9) 

What mode of M-theory can have this mass? A crucial clue comes from the fact that in string theory, 
DO-branes are charged under the Ramond-Ramond 1-form gauge potential A^. In comparing lid and lOd 
supergravity, we found that A^ in the latter arises from Kaluza-Klein reduction of the metric of the former on 
the M-theory circle. This suggests that DO-branes must arise from modes in M-theory carrying momentum 
along the M-circle. 

Indeed we now argue that a single DO-brane corresponds to the mode of M-theory with one unit of 
momentum along the compact direction. On a compact dimension of length L, the momentum is quantised 
in integers as 

P = ^ . (1.7.10) 
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For massless particles in lid, we have 



E^ = p\ + ---pI + p\^. (1.7.11) 



After compactification, a fixed value of pio will appear as a mass. Since L = 2nR\Q, we have that the lOd 
mass of states carrying this momentum is \p\q\ = n/RiQ. Thus a single DO-brane (n = 1) can be identified 
with an M-theory mode carrying a single unit of momentum along x^^. 

This leads to a new prediction. From the M-theory point of view there can be a momentum mode along 
the compact direction for any integer n. In type IIA string theory, this can only be a bound state of n DO- 
branes! This is a statement about string theory that we did not know before the discovery of M-theory. It 
was subsequently verified directly within string theory [41]. 

To find D6-branes in M-theory, we first examine DO-branes in a little more detail. As mentioned above, 
they caiTy an electric charge under A^. This charge is the integral of a suitable differential form over a sphere 
enclosing the DO-brane. In 10 dimensions, a 0-brane can be enclosed by an 8-sphere, S^, and therefore its 
charge must be defined as the integral of an 8-form which, in turn, is the Poincare dual of the 2-form field 
strength F = dA of the Ramond-Ramond 1-form A^. As we just saw, from the M-theory point of view 
Afj arises as a Kaluza-Klein gauge field. One expects to find a dual object which can be enclosed by a 
two-sphere S^ and is a magnetic source for the same field strength. Such an object will be a 6-brane.'^ A 
magnetically charged object under a Kaluza-Klein gauge field is called a Kaluza-Klein monopole [42, 43]. 
We conclude that if the D6-brane of type IIA string theory is to arise in M-theory, it must be a Kaluza-Klein 
monopole. 

Let us first discuss such monopoles abstractly and later embed them into M-theory. Consider the metric, 
known as multi-Taub-NUT, in 4 Euclidean dimensions [44] 

1 2 

^4ub-NUT = Uix)dx-dx+ ——(dy + X-dxj , (1.7.12) 

where A is the vector potential for a magnetic monopole in 3 dimensions 

B = VxA, (1.7.13) 

and U(x) is a harmonic function in 3d detemiined by 

VU = -B. (1.7.14) 



"Indeed, it is known that in type IIA string theory, the D6-brane is the magnetic dual of the DO-brane. 
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It can be shown that this metric solves the 4d EucUdean Einstein equation without sources. 
We choose a specific harmonic function U depending on a real number R, namely 



where r = |^. Thus the magnetic field is 



[/(f) = 1 + I- , (1.7.15) 

2r 



-. R X 

B=--. (1.7.16) 



2r3 
As r — > the metric written above is apparently singular due to the terms 

^dr' + ^dy^ (1.7.17) 

2r R 

The singularity can be avoided as follows. Define 

r- V27^. (1.7.18) 

The dangerous teiTns then become 

f- 
df + —dy^. (1.7.19) 

R^ 

Now the second tenn is non-singular if y is an angular coordinate with periodicity precisely 2nR. Being a 

non-singular metric with a monopole charge, this is called a Kaluza-Klein monopole (more precisely it is 

the spatial metric, but we can then add -dfi to make it the describe the worldline). The monopole is located 

at the core near r — > 0, where the Kaluza-Klein circle shrinks to zero size. 

Let us now embed this solution in M-theory by taking the .x directions to be x' ,x^, ^ and the Kaluza- 
Klein direction y to be x'° with periodicity 27r/?io. The resulting object is translationally invariant along 
x^ x^, • • • ,x^ so it is a 6-brane. And it is magnetically charged under the Kaluza-Klein gauge field arising 
from compactification of x^°. So we have a candidate object in compactified M-theory that can be matched 
with the D6-brane of type IIA string theory. 

To compute the tension, we just integrate the energy density V-[/ along the four dimensions in which 
the monopole is embedded. Since IJ is independent of the compact direction, we get 



Tkk(, = ^xlnRio I d^xV^U 



In -, 

X {InRwT 



{Intpf 
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T - Td(, . (1.7.20) 

gA2n{,.)^ 
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Thus we have successfully understood the D6-brane as arising from an object in M-theory. This completes 
our survey of how D-branes of type IIA string theory arise from M-theory. 

We can now see if type IIB string theory is likewise illuminated by M-theory. Supersymmetric branes 
in type IIB string theory can be obtained from those of type IIA by circle compactification and T-duality. It 
is easy to check that this reproduces the tensions of all the EPS branes of type IIB: Dl, D3, D5, D7 as well 
as Fl and NS5, given in Eq. (1.7.1) and Eq. (1.7.2). However we get some additional and highly nontrivial 
information out of M-theory. 

Recall that in type IIB there are two types of strings, F-strings of tension 1 /27r^^ and D-strings of tension 
\ ling si]. Based on a continuous symmetry of type IIB supergravity, it has been argued that type IIB string 
theory has a discrete S-duality symmetry group that (for vanishing Ramond-Ramond axion;i') includes the 
nonperturbative strong-weak duality 

g.v ^ -, is ^ ViI4 • (1-7.21) 

8s 

Under this "S-duahty" symmetry, the F-string and D-string are interchanged. An easy check of the proposal 
is that the tensions of these strings get interchanged by the proposed duality. Additionally, it has been 
shown that p F-strings and q D-strings form stable bound states called (p, q) strings, if p, q are co-prime 
[45]. These have tension 

j_ 

ilii 

The above facts ai^e difficult to prove rigorously because S-duality is intrinsically nonperturbative in nature, 
exchanging a weakly coupled with a strongly coupled theory. We will now see that M-theory explains and 
even predicts these results, in a beautifully simple geometric way. 

Suppose we compactify M-theory on two circles x^ , x^^ of radii /?9, R\q to get type IIA string theory in 9 
dimensions. From the above discussion it should be clear that the M2-brane wrapped on x^^ is the type IIA 
F-string, while the M2-brane wrapped on x^ is the D2-brane wrapped on x^ . Now let us perform a T-duality 
along x^ . This duality transformation maps type IIA string theory onto the type IIB theory. It can be shown 
that in the process, fundamental strings are mapped to fundamental strings and D-branes to D-branes [21]. 
The dimension of branes decreases by one unit if they are initially wrapped on the T-duality direction, and 
increases by one unit if they are initially transverse to this direction. Therefore under this T-duality, the type 
IIA F-string becomes the type IIB F-string, and the D2-brane wrapped on x^ becomes the type IIB D-string. 

It follows that the interchange of the F-string and D-string in type IIB string theory is just the interchange 
of the directions x^ and x^^ in M-theoiy! But the latter is part of Lorentz invariance and is a manifest 
geometrical symmetry of M-theory. S-duality can be extended to include the Ramond-Ramond axion field 
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Tp,,-^—l^\P^ + ^- (1-V.22) 



X and then corresponds to the group PSL(2,Z). On the M-theory side, this is realised as the group of 
modular transformations on the 2-torus (with the angle between the two sides being related to the type IIB 
axion). This is therefore a "proof" of S-duality, though of course it requires us to believe in the existence 
of M-theory and the validity of its proposed relationship to type IIA string theory after compactification, 
facts which themselves have not been rigorously proven. Still it is satisfying that a highly consistent picture 
emerges using M-theory. 

Finally we address {p, q) string bound states. In the proposed relationship of M-theory to type IIB string 
theory, it was shown [13] that 



g, (IIB) = -^, 4 (IIB) = A -^ . (1.7.23) 

This follows easily using the Buscher T-duality mles [46]. Next, suppose that in the same compactification 
we wrap an M2-brane p times along x^^ and q times along x^ . The result, after T-dualising on x^ , is a 
string-like object in type IIB theory that has p units of F-string charge as well as q units of D-string charge. 
The tension of the resulting string will be 



T^mT'^' - TM2^p{2nR,of+q{lnR,f 



2n£i 



Ip^ + 'L = Tp^q . (1.7.24) 



Since the first line is just the total length of the {p, q) string, as follows from Pythagoras' theorem, we see 
that M-theory has geometrised the tension of {p, q) string bound states. 
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2. Multiple membranes: background and early attempts 

We will now focus our discussion on M2-brane worldvolume theories. As we have already mentioned, 
the description of multiple M2-branes had been an important open problem since the discovery of M-theory. 
In the following sections we will present various pieces of the relevant background and early ideas, which 
led to the modem understanding of these configurations. 

2.1. M2-branes as strongly coupled D2-branes 

Let us return to the bosonic part of the single M2-brane action in static gauge, '^ Eq. (1.4.32), 

SMr'' = --r^ r ^'^ V- ^^^ i"^^^ + ^2^^'^/' d^X'dyX') , (2.1.1) 

where / = 1, • • • , 8. 

The above action can be compared with the corresponding action for a single D2-brane in type IIA 
string theory. The latter has seven scalars X',i = 1, • • • ,7 that transform under an S0(7) symmetry, as well 
as an abelian worldvolume gauge field A^. The bosonic part of this action in static gauge is 

^bo^onic^_ 1 r d'^ J- det Uy + {Ina'fd^X^Xi + Ina'fJ , (2.1.2) 

{Ina'Yg^j^J ^ ^ ^ 

where F/^y = d^Ay - dyA^ and the coupling constant gym is related to the type IIA string coupling g^ by 

8ym-^- (2-1-3) 



Clearly the action is invariant under S0(7), representing rotations in the space transverse to the membrane. 

Because D-branes are loci where open strings end, the above action can be directly derived using tech- 
niques of open-string theory [47]. The factor of {gYMT^ ~ g^^ in front of the entire action reflects the fact 
that it is a tree-level open-string action. The coefficients of the dXdX and F terms have been chosen so that 
upon expanding Eq. (2.1.2) in powers of a' , the leading terms are of the canonically normalised form 

-^ (-\d,Xlfr - \F,yFA . (2.1.4) 



The single-D2-brane and single-M2-brane actions can be transformed into each other [48, 49] in a way 
that mirrors the duality of the parent string theory and M-theory. We now demonstrate this explicitly for 



'^Recall that the 8 scalars X' are supplemented by a set of fermionic coordinates tp^, A = 1, ■ ■ • ,8 with each tp^ being a complex 
2-component spinor on the worldvolume. 
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the bosonic part of the actions. For this, we start with Eq. (2.1.2) and manipulate it using a transfomiation 
called abelian duality, in which it is replaced by the equivalent action 

£ = ^s^""'B^F,, - \ J- det(7/^, + {2na')^d^X'dyX' + {2na'fg\^B^B,) . (2. 1.5) 

2 {Ina'Yg^j^ ^ 

Here S^ is a non-dynamical field that appears in algebraic (rather than derivative) form in the action and 
therefore in the equations of motion. It can be integrated out by solving its own equations of motion and 
substituting the result back in the above action. Upon doing this, one recovers Eq. (2.1.2). 

We may instead choose to integrate out the gauge field A^. Its equation of motion tells us that d^Bv - 
dyBfj = and therefore 5^ is the gradient of a scalar, which we write as 

Bp ^ -—d^X^ , (2.1.6) 

gYM 

where the coefficient is chosen so that the eventual kinetic term for X^ is correctly normalised. Recalling 
the relation ^^ = g^i^ = gsio:')^ (see Eq. (1.2.11) of Chapter 1) and Eq. (2.1.3) above, and rescaling 
X' -^ gYAiX', we end up with the action 

£ = --prr^ V~ '^^^^'^'^^ + ^^""^"^P d^X'd^X') , (2.1.7) 

where the new scalar X^ defined in Eq. (2.1.6) now appears symmetrically with the seven original scalars 

r. 

Apparently this action depends solely on {p and has S0(8) symmetry. However quantisation of flux in 
the original gauge theory imposes the periodicity condition 

X^-X^ + 2ngYM, (2.1.8) 

which violates S0(8) and introduces a dependence on gYM- It is only in the limit gyM -^ °° (which is 
the same as the M-theory limit gs -^ oo) that the dependence on gYM disappears and the field X^ becomes 
noncompact like the remaining seven scalars. In this limit we indeed find the correct M2-brane action which 
depends solely on £p and has S0(8) invariance. 

These manipulations teach us that the action for a single D2-brane gets transformed into that for a single 
M2-brane in the strong coupling limit in which type IIA string theory transforms into M-theory. Moreover, 
since gYM is the coupling constant of the D2-brane theory, it emerges that the M2-brane field theory is the 
strongly-coupled limit of the D2-brane theory. This is a very helpful insight, that can be used as follows. 
Consider the low-energy limits of the M2-brane and D2-brane worldvolume actions. In the former, this is 
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achieved by taking £p ^ while in the latter it requires £s - Va' -^ 0. The resulting field theories are (we 
reintroduce the fermion terms at this stage) 

So2 ' = ' -^ fd'^(-Ux<d^r-jF,,F^^ + ^li;'rd,<l^), (2.1.9) 

Sym ^ ^ ^ ^ 

where in the first action, A= 1, 2, • • • ,8 runs over the indices of the 8 real dimensional spinor representation 
of S0(8), while in the second it takes the same values but should be identified with the spinor representation 
of S0(7). In this lowest-derivative limit we have two free (quadratic) field theories and their equivalence 
via abelian duality is simple to check by following the same steps that were used to go from Eq. (2.1.2) to 
Eq. (2.1.1). 

However, we can now do more. For D-branes in string theory, we know the low-energy worldvolume 
action not only for a single brane but for any number n of branes. In this case we have open strings 
stretching from one brane to itself (which give rise to n copies of the single-brane action) but also (oriented) 
open strings stretching between each pair of distinct branes. These add 2 x \^n(n - 1) degrees of freedom 
so that altogether one has 0(«^) degrees of freedom. These are realised as « x « Hermitian matrices and 
the action, in the limit Is -^ 0, is that of U(n) Yang-Mills theory with seven scalar fields in the adjoint 
representation as well as adjoint fermions whose couplings follow from the AT = 8 supersymmetry. 

The action in the second line of Eq. (2. 1 .9) is thereby generalised to the action of A/^ = 8 supersymmetric 
Yang-Mills theory in 2-1-1 dimensions 

SnDi ' = " ^ r J^^ Tr ( - \D,X'irX^ + i[X', X^'f - ^-F,,F^^ + ^iff^Y'D,,/^ - i/f^T'^siX', ifr']) , 

Sym ^ 

(2.1.10) 

where X = X'r', A^ = A^T\ i// = tp^T^ with T\ I = 1, 2, • • • ,rP' being the generators of the Lie algebra 

U(«), 

D^X' = d^X'-i[A^,X'] 
Ff,y ^ df,Ay - dyA^ - i[A^, Ay] , (2.1.11) 

and F^^ are matrices which convert the product of two S0(7) spinors with indices A, B into an S0(7) vector 
with index /. These can be derived from 10-dimensional gamma-matrices. 

We ai^e finally in a position to define the field theory on the worldvolume of multiple membranes: Simply 
consider the N = S supersymmetric \J{n) Yang-Mills theory with coupling constant gYM and take the M- 
theory limit g^ -^ oo, which implies gYM -^ °°- Because gYM has dimensions of (length)"2 in 2-i-ld, the 
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strong-coupling limit is the same as the long-distance or infrared (IR) limit of the field theory. If there is 
to be a nontrivial field theory of multiple membranes, it must therefore be the (conformally invariant) IR 
fixed point of N = S supersymmetric U(?i) Yang-Mills theory. The existence of such a Spin(8)-invariant 
interacting IR fixed point for three-dimensional SYM was ai^gued in [50] based on S-duality. Our ultimate 
goal will be a lagrangian description of this field theory. 

Of course this part of the discussion holds for the Umit of small £s or £p in which higher-derivative terms 
are ignored. When these terms are included, even the generalisation oi N = S Yang-Mills theory (which is 
computable in string perturbation theory) is not fully known except to the lowest nontrivial order. Therefore 
we will concentrate mostly on the ^p — > limit for multiple membranes, though in some cases we will also 
be able to obtain higher-derivative corrections to lowest nontrivial order in £p. 

2.2. Brane funnels 

As we reviewed briefly above, a D-brane in string theory is characterised by the fact that open funda- 
mental strings can end on it. This fact was used to derive the field theory on multiple D-branes. One may 
wonder whether an analogous property holds for branes in M-theory and can be similarly used to learn 
about M-theory branes. The analogues are easily constructed by thinking about M-theory as the strongly 
coupled limit of type IIA string theory. Starting with a fundamental string ending on a D2-brane in type IIA, 
the M-theory limit converts the D2-brane into an M2-brane and the F-string into another M2-brane with a 
different orientation. It is easy to establish [38] that the two are smoothly connected into a single M2-brane. 
It follows that multiple M2 -branes can be connected to each other not by strings (which are in any case 
absent in M-theory) but by M2-branes in such a way that the entire configuration is a single M2-brane with 
several asymptotic regions describing both the initial parallel branes and the "connecting" branes. 

Similarly, one may start with a fundamental string ending on a D4-brane and take the M-theory Umit. 
At the end one has an M2-brane ending on an M5-brane, with the common part of their worldvolumes 
being a string. It was shown by Strominger [51] that M2-branes ending on M5-branes satisfy consistency 
conditions for the worldvolume couplings and are supersymmetric whenever both sets of branes are indi- 
vidually parallel and the M2's are normally incident on the M5's. This leads us to consider the possibility 
that worldvolume field theories (perhaps for both M2 and M5-branes) could be reconstructed or guessed 
using brane intersections. 

2.2.1. D-brane fuzzy funnels 

In fact the M2-M5 relationship is similar to a relationship among D-branes in type IIB string theory. 

There, one can use strong-weak duality (S-duality) to transform the supersymmetric configuration of an 

open fundamental string ending on a D3-brane, a configuration known as a "Blon" [36, 52, 53]. The 
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fundamental string turns into a D-string, while the D3-brane remains unchanged, so one ends up with a 
supersymmetric configuration of a D-string incident normally on a D3-brane. This can be extended to 
multiple parallel D-strings ending nomially on multiple parallel D3-branes [54, 55]. This system carries 
very useful information in the fomi of "Nahm equations," as we will shortly see. 

Before we do that, let us use a series of dualities to highlight the relationship between the intersecting 
D1±D3 and M2±M5 systems. By compactifying an M2J-M5 configuration on a circle within the M5 but 
not within the M2, we obtain a D2±D4 system. A T-duality along the direction common to both, leads 
us to type IIB string theory and the D2- and D4-branes become, respectively, D-strings and D3-branes; in 
other words the D1±D3 system. This relationship motivated Basu and Harvey [56] to guess some aspects 
of the multiple membrane worldvolume field theory. Their strategy was to conjecture a generaUsation of 
the Nahm equations that describe the Dl J-D3 system. 

Let us first review these equations and their uses. The key point is that one can understand the D1±D3 
system in tenns of the worldvolume theory of either the D3-brane or the D-string. In the first picture 
the Dl-branes arise as a soli ton "spike" in the D3 worldvolume theory, while in the second picture the 
D3-brane arises as a "fuzzy" or noncommutative sphere in the D-string worldvolume theory. Consider N 
coincident Dl-branes in type IIB string theory oriented along x^ and ending on a single D3-brane spanning 
the x^,x^,x^ directions. The latter has an abelian worldvolume gauge theory of DBI type, containing six 
transverse scalars which we will label X'^,X^ , ■ ■ ■ ,X^ in addition to a gauge field and fermions.^^ 

This abelian field theory has been shown, see e.g. [55], to admit a classical monopole solution 

^^ - ^, Fe^ = -r^drX"" , (2.2.1) 

where r = yj{x^)^ + {x^)^ + (x^)^ is the radial direction within the D3-brane. This solution canies a mag- 
netic charge 

A^ (2.2.2) 



h^'- 



and has its energy density concentrated along a spike, extending in the x^ direction and located at r = 0. The 
energy density is found to be N llngso' , which is precisely the tension of A'^ semi-infinite D-strings. Thus 
this classical solution is identified with A'^ D-strings, viewed as excitations of the D3-brane. The solution is 
supersymmetric, as one would expect given the geometry of the configuration. 

Seeing the D3-brane in the worldvolume theory of A'^ D-strings is a little less trivial. This time we use 
the fact that the latter theory is non-abelian and has eight N xN matrix- valued scalar fields X^,X^,- ■ ■ ,X^. 
We choose the gauge A^ = and consider solutions for which X' = 0, i e 4,5,- ■ ■ ,S. Then the equations 



'^As before, we use upper-case letters to denote fields and lower-case letters for the worldvolume coordinates. 
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of motion can be reduced using supersymmetry from the usual second-order form to the first-order form 

— - ±-e'HxK X\ i, j,ke 1,2,3. (2.2.3) 

These are the Nahm equations. In terms of N x N matrices a' that form A^-dimensional representations of 
SU(2), thereby satisfying 

[a\aJ]=2i£'J''a'' , (2.2.4) 

a solution is given by 

X'^±^a\ i= 1,2,3. (2.2.5) 

In the conventional D-brane interpretation, these worldvolume scalars parametrise the geometry transverse 
to the D-string, and in particular can be thought of as discretised/noncommutative/"fuzzy" versions of the 
usual Euclidean coordinates on a sphere. Hence, the physical radius of our fuzzy 5 ^ is defined at a fixed 
value of x^ (a point on the D-string) as the appropriately normalised sum 



R^ = ^Tr 



Y, (^'')' ■ (2-2-6) 



(=1,2,3 



This may be evaluated using the fact that the a' have a quadratic Casimir 

2 {a'f =N^-l, (2.2.7) 

!=1,2,3 

and we find 

R = . (2.2.8) 

x^ 

Therefore the D-string description corresponds to a "fuzzy funnel," the "mouth" of which grows towards 

smaller positive values of x^ and eventually blows up into a D3-brane at zero. 

At large N, the fuzzy sphere becomes a commutative S^ and Eq. (2.2.8) can be equated to the formula 
in Eq. (2.2.1) after identifying {R,x'^) in the D-string problem with (r,X^) in the D3-brane problem. Other 
properties of the D-string also match between the two descriptions. Importantly, the "fuzzy funnel" picture 
is valid even inside the core, unlike the "Blon." 

2.2.2. The Basu-Harvey solution 

As advertised, the above intersection can be generalised to the case of M-theory. For M2-branes ending 
on an M5-brane at a string, a classical solution analogous to Eq. (2.2.1) was constructed by [36] and is 
known as the "self-dual string soliton." Instead of a "spike," one now looks for a "ridge" solution to the 
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M5-brane worldvolume theory. The spatial volume of the M5-brane is oriented along x^,x^,- ■ ■ ,x^ with all 
the other coordinates vanishing. One takes the self-dual string to lie along x^. The M2-branes will extend 
along x^, x^^ thereby ending on a string at x^^ = as desired. The soliton of the M5-brane theory has the 
profile 



^10 



A^ 



X'" ~ - , (2.2.9) 

where r = sjix^)^ + (x^)^ + (x^)^ + (j^)^ is the radial direction within the M5-brane. The challenge is 
now to find an analogue of the Nahm equation, in the worldvolume theory of multiple M2-branes, which 
reproduces the above profile. 

The idea would be that, since the M2 and M5 branes are codimension 4 objects, this time one has 
to construct a fuzzy 3-sphere rather than a 2-sphere. The fuzzy 2-sphere was relatively straightforward 
to realise using irreducible representations of SU(2). However, for the 3-sphere it turns out that a more 
complicated construction is required [57-59]. In particular, the SO(4)-covariant matrix construction of the 
fuzzy 3-sphere gives rise to more degrees of freedom than needed. One can perform a projection down 
to the required subset, although this spoils the associativity of the matrix product, ^^ even for large A'^. We 
will see in Section 6.4 that the realisation of the 3-sphere as a Hopf fibration is more appropriately suited 
for the description of these systems [62-64], but we can nevertheless uncover several qualitative aspects of 
membrane dynamics with the former approach, which was the one used in [56]. 

To proceed, consider the decomposition of the 3-sphere isometry algebra spin{4) - su(2) © su(2). Its 
representations are labelled by (71,72) with each entry being the spin of the representation of the corre- 
sponding su(2). The dimension of such a representation is (271 + l)i2J2 + 1). Now choose an odd integer n 
and define the two representations 

^^ (n+l n-l\ ^ (n-l n+l\ ,^„ 

The dimension of "R"*" ® *??" is A^ = ^{n + l){n + 3). With this construction, the coordinates on the fuzzy 
3-sphere are N x N matrices G',i = 1, 2, 3, 4 that map K^ <r^ K' . 

Let f'R+,f'R- be the projection operators, respectively, onto the representations H^ ,%. Then one can 
define a matrix G5 by 

G5=!P^. -^^-. (2.2.11) 



''^A related discussion can be found in Appendix B of [60] . For a treatment of this non-associativity in the context of the M2_LM5 
system see [61]. 
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We also need a quantity called the "Nambu 4-bracket," defined by 

[Ai,A2,A3,A4] = Y^ sign(o-)A(^(i)A^(2)A^(3)A^(4) ■ (2.2.12) 

permutations o" 

In terms of the above, the Basu-Harvey proposal for the equation describing an M5-brane in the world vol- 
ume theory of N M2-branes is 

Here, i,j,k,l € (1,2,3,4) are indices labelling four spatial directions transverse to the M2-branes. They 
are interpreted as the spatial directions of the M5-brane transverse to the string lying along x^ , with b an 
arbitrary parameter to be determined. The above equation amounts to a conjecture that will be supported by 
finding solutions with the desired properties. These solutions depend on the fuzzy 3-sphere coordinates G' 
referred to above, which are a set of four N x N matrices for any integer A'^ equal to j{n + l)(n + 3) with n 
odd. 

We first briefly describe the construction^^ of the G'. The smallest allowed value of A'^ is 4 (correspond- 
ing to n = 1), and in this case, in terms of the 4x4 F-matrices of spin{4), we have G' = P, G5 = Fj. The 
case for general n is built up using tensor products involving the F'. Define 

p,(F') = ]l®---(g)F'®---(g) n, s^\,2,---,n, (2.2.14) 

where we have an «-fold product of identity matrices except for a single F' appearing in the 5'th place. By 
summing over p^ for all s from 1 to n, we construct the symmetrised object 



^p,(F') ^ (F' (g) fl (g) • • • (g) h) -I- ( 1 (g) F' (g) • • • (g) n) -F • • • -F ( 1 (g • • • (g n (g F') . (2.2.15) 

.v=l 

This matrix has dimension 4" x 4". Finally, we define 

n n 

G' = Pk- 2 Psir'P^) Pn- + Pn- 2 p.(F'P+) !P«. , (2.2. 16) 



s=l s=l 



where P± = j(l ± F^) and Pii± are the projection matrices defined above Eq. (2.2.11). Note that the P'/i± 
project the matrix sandwiched between them from dimension 4" down to N - ^{n + l){n + 3). 



'^More details can be found in [56-59]. 
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Now that we have defined G', the solution of Eq. (2.2.13) proposed by Basu and Harvey takes the form 

X\x^^) = iR(x^^)G' . (2.2.17) 

Inserting this ansatz into Eq. (2.2.13), and using the identity^^ 

e'J'^'GsG'GJG'' = -2{n + 2)G , (2.2. 18) 

one immediately finds that 

. ,„ I 2^4 

R(^'') = \ L ^ ' 10 • (2.2.19) 

\ {n + 2)b x^" 

By analogy with the D1±D3 case, the physical radius may be defined as^^ 



/?2 ^ _|xr y(zo 

Inserting X' from the solution above, we find 



(2.2.20) 



i=i 



R= ^\R\. (2.2.21) 

Finally, substituting the functional form of ^ from Eq. (2.2.19) and solving for x^^ as a function of/?, we 
find 

;ci° = — - . (2.2.22) 

{n + 2)bR^ 

This qualitatively has the correct (quadratic) fall-off with distance R within the M5-brane that is supposed 

to be described by this classical solution, since a harmonic function in four spatial dimensions should go 

like 7?"^ at large 7?. However, the A'^ dependence does not seem correct. The solution should scale like A'^, at 

least for large N, representing the fact that it describes A^ M2-branes intersecting an M5. Since N ~ n^ this 

scaling does not hold as long as b is held fixed. This implies that b should vanish like 1 / VA^ for large A'^, or 

equivalently b^N is held fixed in the large-A'^ limit. 

Next Basu and Harvey conjectured a form for the energy functional for such configurations. As we will 
see, their conjecture inspires one to guess some of the terms in the lagrangian for multiple M2-branes. The 



'*This is derived in Appendix A of [56] 
^An explicit fp-dependi 
already accounted for in R 



'^An explicit fp-dependence, analogous to the o-' -dependence of Eq. (2.2.6), is absent from the definition of R here because it is 
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Basu-Harvey functional is 

where Tmi = 27r /{Infp)^ is the tension of a single M2-brane, and the 4-bracket [G5, X\ X'^, X'] has been 
replaced by 4! GsX-'X'^X', to which it is equal as long as X' is among the solutions we ai^e considering. 

The first term vanishes when the Basu-Harvey equation is satisfied, and in this case one has 



BH - ^"^ 



IH-^/'i^-""""'"'})- 



The above expression is divergent due to the infinite length of all the directions in the problem. Recalling 
that o" represents the two coordinates ^c^ (along the self-dual string) and x^^ (transverse to the M5-brane), 
we can introduce a parameter L to regulate the length of the self-dual string along the M2-M5 intersection. 
It can then be shown [56] that 



, fdx^^ + TMsL f: 



E = NTm2L I dx'^' + TMsL \ In^R'dR, (2.2.25) 

which is nicely interpreted as the sum of energies of N M2-branes and one M5-brane (here Tm5 - Inj^lntpf 
is the M5-brane tension). This result can be considered the best justification for the ansatz of the analogue 
Nahm equation Eq. (2.2.13) as well as the energy functional Eq. (2.2.23). 

The above expression for the energy suggests a set of terms in the lagrangian of multiple M2-branes. 
For this we define a triple-product 

jjKLM ^ ^j^K^ ^L^ ^Mj ^ j |-^/f ^ ^Lj^ X^ } + [ [X^ , Z^], X^ } + { [X'^ , Z^], X^ | , (2.2.26) 

which is totally antisymmetric in the indices K, L, M. The energy functional then leads to (part of) the action 
[56] 



s = -r 



!,2 T j,2 _ 2 



M2 J ^V Tr 1 + {d„X^f - ^ (H'^^^f + ^ [daX^\ H^^^^]' 



(2.2.27) 



We see that the proposed action contains a sextic scalar self-interaction, while the matrix G5 no longer 
appears. Ref. [56] also showed that membrane fluctuations about the classical solution Eq. (2.2.13) pass 
several physical consistency checks. Generalisations of the Basu-Harvey equations corresponding to M2- 
branes ending on M5-brane intersections leading to calibrated geometries were considered in [65, 66]. 

We will stop the analysis of the Basu-Harvey equation here, but various of the features that came up in 

the above discussion, most notably a version of the triple-product Eq. (2.2.26), will crucially re-emerge in 
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subsequent chapters and the full description of multiple M2-branes. 

2.3. Supersymmetric CS theories with N < 3 

We will now switch gears and discuss a set of interacting three-dimensional supersymmetric field theo- 
ries. It will soon become clear how these could be potentially related to the theory of multiple membranes. 

Pure Chern-Simons field theory in 2-i-ld has the lagrangian 

£cs = —Tr[AAdA-jAAAAA). (2.3.1) 

Here we use the matrix- valued field A^ defined above Eq. (2. 1. 1 1) and convert it to a differential 1-form via 
A = Ajjdx'^. Thus the lagrangian is a differential 3-form. We also allow T\I = 1,2, •• • ,dim^ to be the 
Hermitian generators of an arbitrary Lie algebra § in the adjoint representation. Importantly, whenever the 
associated gauge group is compact, the "Chern-Simons level" k assumes discrete values for the path integral 
to remain invariant under global gauge transformations in the quantum theory. We will discuss this in more 
detail in Chapter 3. 

Because the lagrangian is a 3-form, it can be integrated over a 3-manifold without the need to specify 
a metric. The action obtained thereby is diffeomorphism-invariant even without coupling to a metric - in 
other words, it has topological invariance [67]. The gauge field is non-propagating and the only physical 
observables are Wilson loop expectation values. Coupling such a theory to scalar or fermionic matter 
destroys the topological invariance, since a metric is needed to define the matter kinetic terms and couplings. 
However, if carefully done it can preserve conformal invariance and/or any supersymmetry. 

It is therefore natural to treat this class of theories as a starting point to think about the world volume 
field theories on multiple membranes in M-theory, an effort initiated in [68, 69]. While our principal goal is 
the study of superconformal theories with N > 4, and their relevance to multiple membranes, this section is 
devoted to reviewing status of theories with a modest amount (N < 3) of supersymmetry, with an emphasis 
on those that are conformal invariant. ^^ 

2.3.1. N = \ supersymmetry 

We start with the simplest supersymmetric Chern-Simons theory. The N = I supersymmetry multiplet 
in 2-1- Id consists of a gauge field A^ and a two-component (real) Majorana spinor;^'- The Chern-Simons 



'^Though our emphasis here is on supersymmetry, quite general non-supersymmetric theories in 2+ Id can be non-trivial and 
exactly conformal invariant. For example, this is true when the matter consists of minimally coupled fermions [70] or scalars 
[71] with a suitable choice of coupling constants. The argument for conformal invariance hinges on the impossibility of a flow to 
triviality because the Chern-Simons coeflicient k is quantised. 
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lagrangian is simply 

£n=\ = ^Tr(A AdA-^AhAhA-ixx); (2.3.2) 

it is invariant up to a total derivative under the transformations 



6A^ = iey^x 
1 

2 



5X = --y^'F^ye. (2.3.3) 



Because the fermion is non-dynamical, this theory has no propagating modes. One has to couple matter 
supermultiplets in order to have propagating modes in the theory. 

The N - I scalar multiplet consists of a real scalar 0, a 2-component Majorana spinor ijj and a real 
auxiliary field C. Since they will all transform in some definite representation of the gauge group, we assign 
an index a - 1, 2, • • • , dim 7? to them. Superspace techniques can be used [68] to find possible interaction 
terms. To maintain scale invariance (at least classically), the potential must be sixth order in fields, and 
to preserve gauge invariance, the coefficient of the superpotential must be invariant under the action of the 
gauge group. At the end of the day, one finds that the following matter lagrangian is supersymmetric: 

^7=T = -\d,f^^" + 'i^T'Y'd.r + \c"C" + tabcdf^'ilfC' - \l^V) , (2.3.4) 

where tatcd is real, totally symmetric and invariant under the gauge group. The auxiliary field C" can be 
eliminated via its own equations of motion. One sees by inspection that this leads to terms of order 0^ in 
addition to the term (p^ij/^ that is already present. Dimensional arguments tell us that both such terms have 
canonical dimension 3, because [0] = ^ and [if/] = 1 in 2+ Id. This confirms that the matter lagrangian 
above is classically scale invariant. This is not, however, generically preserved at the quantum level. 

The supersymmetry transformation laws are 

Sep" = ieifj" 

SC" = -ayd^if/" . (2.3.5) 

It is now straightforward to couple a scalar multiplet to the Chern-Simons vector multiplet. One simply 
converts the derivatives in the scalar and fermion kinetic terms to covariant derivatives 

5^0^ ^ df,c/>" - iA'^{T')ab4f' , (2.3.6) 

where (T')ah are the generators of Q in the representation of the matter supermultiplet. Additionally, there 
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is a cubic Yukawa coupling between the gauge fermion, the matter scalar and the matter fermion 

r)^Ti,^i?' . {13.1) 

The full lagrangian and transformation laws can be found in [68]. 

2.3.2. N = 2 supersymmetry 

Chern-Simons gauge theory can be extended to have N - 2 supersymmetry [72] by choosing x to be 
Dirac instead of Majorana and adding two more scalars, a and D, with the lagrangian 

£n=2 = -;-Tr(A AdA - ^A A A A A - ivv + 2D(r) . (2.3.8) 

4n ^ 3 ' 

The supersymmetry transformation rules are now given in terms of a Dirac spinor e as follows 

So- = --{ex-X^) 

SD = ^{ey'^D^x + D,xr^)-\(^[X,(T] + \x,(T]€) 
SX = {-^f"'F^, + iy''D^o--iD)€. (2.3.9) 

The N - 2 matter multiplet contains the fields {(p"^, ip"^,F"^) just as in the familiar 3+ld N - I chi- 
ral supermultiplet. Here a runs over the dimension of the representation of the gauge group in which the 
multiplet transforms, while A runs over the Nf flavours of this supermultiplet. The corresponding antichi- 
ral multiplet, obtained by complex conjugation, is denoted {(paA,*l^aA,FaA)- Henceforth we will suppress 
the a index to make the notation more compact. Then, exactly as in 3+ld, one specifies a holomoiphic 
superpotential W and writes the lagrangian 



- -df,4>Ad>'<p^ + OifArd^ilj^ + FaF^ + iF^W,A +C.C.). (2.3.10) 



Here W,a = dW{(p)ld^. The lagrangian is invariant under the supersymmetry transformations 

SF"^ = -ityd^ip^ (2.3.11) 

and also under a \J(Nf) flavour symmetry. As before, in order to have classical scale invariance, W must be 

45 



a quartic function of its argument. 

These matter multiplets can be coupled to the gauge supermultiplet by replacing ordinary derivatives 
with gauge-covariant derivatives via minimal coupling. As before, one needs to add some extra terms in 
order to achieve full N = 2 supersymmetry for the coupled system. These are 

- ct'ct\cPaT'T^cP^) + D'{cI>aT'cI>^) - icr'iijyATY) - 4>ax'tY + /^^iAa/ - (2.3.12) 

The full lagrangian and transformation laws can be found in [68]. Notice that the lagrangian is linear in 
D^, which therefore acts as a Lagrange multiplier determining cr' as bihnears in the (f> fields. This in turn 
permits the elimination of cr which, from the cr^cf)^ term above, gives rise to sextic terms in (p. 

In the absence of a superpotential, the final result is 

■<^N=2, gauged ~ -LCS "■" -Akinetic "■" -i^ scalar- fermion ~ '\y) ' (^Z.jAj) 

where Xcs is given by Eq. (2.3.1), JLunetk are the standard minimally coupled kinetic terms of the scalars 
and fennions, and the remaining pieces are [69] 

Lscalar-fermion - -^{(I>aT' (P^MrT' ifj'^) - ^{^aT' cP^X^PbT' ifj'^) 

^W " ^i^pAT'cP^MBT'cP^McT'T'f). (2.3.14) 

Classical conformal invariance is of course genetically violated by quantum corrections. In one higher 
dimension, lagrangians with the same amount of supersymmetry {N = 1 in 3+ Id) can easily be made 
classically conformal invariant (by choosing a cubic superpotential) but quantum corrections generically 
induce a nonzero yS-function and the quantum theory is no longer conformal. But here we encounter a 
miracle of 2+1 dimensions: the lagrangian above (with vanishing superpotential) is exactly conformal even 
at the quantum level [69]. A brief sketch of the argument is as follows. If quantum corrections generated 
a superpotential term, this would be holomorphic in the superfield O'^ (which contains (p'^,if/^) but such 
holomorphicity is inconsistent with the symmetry of the above action under (^ -^ e'"0^. Next, it is well 
known (with or without supersymmetry) that the Chem-Simons level k cannot be renormalised other than 
by a finite 1-loop shift [73]. This only leaves the possibility of coiTcctions to the Kahler potential of the 
theory. However it can be argued that these are either irrelevant in the infrared or can be absorbed in a 
rescaUng of O^. The reader is referred to Ref. [69] for more details. 

One can add a superpotential as in Eq. (2.3.10) (see e.g. [74]) but in this case quantum coiTections will 
genetically induce a nontrivial jS-function and spoil conformal invariance. However there is a specific way 
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in which this can be done while preserving and even enhancing superconformal symmetry, as we will see 
in the following section. 

2.3.3. N = 3 supersymmetry 

The amount of supersymmetry present in Chern-Simons-matter theories can be further enhanced to 
N = 3 [75] while maintaining conformal invariance. For this we introduce a pair of chiral superfields 
Q, Q transforming in conjugate representations of the gauge group, coupled to the N - 2 gauge multiplet 
described above, and with a quartic superpotential 

W{Q, Q) = aiQT'QXQT'Q) , (2.3.15) 

where T' are the generators of the gauge group in the chosen representation. At a = we have an N = 2 
superconformal theory as described above. For any finite value of a, as one would generically expect, the 
theory develops a jS-function for a and conformal invariance is broken (of course N - 2 supersymmetry 
is maintained). However it has been argued [69] that the RG flow takes one to an attractive fixed-point at 
a = 2n/k. At this fixed point it turns out [69, 75] that the supersymmetry is enhanced to N = 3 and the 
resulting theory is exactly superconformal. 

It was initially thought that N -3 was the maximum number of supersymmetries allowed for a Chern- 
Simons-matter gauge theory [68, 75]. However this assumes a simple gauge group. We will see that, some- 
what surprisingly, the construction of Chern-Simons-matter theories with more supersymmetry is possible 
if the gauge group is not simple. Indeed, unlike supersymmetric Yang-Mills theories where the choice of 
gauge group is arbitrary, the possible amount of supersymmetry of a Chern-Simons-matter theory is closely 
linked with the choice of gauge group. A related observation is that N - 3 is the maximum amount of 
supersymmetry for which one can write down a Lagrangian including both Yang -Mills and Chem-Simons 
teiTns [76]. 
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3. Three-dimensional CS gauge theories based on 3-algebras 

Our task now is to try and construct an effective field theory for the worldvolume dynamics of multiple 
M2-branes propagating in flat eleven-dimensional spacetime. The solitonic picture of M2-branes and their 
relation to D2-branes, both discussed in Chapter 1 , tell us we should look for a theory that preserves half 
of the 32 spacetime supercharges, leading to N = i supersymmetry on the worldvolume. Later we will see 
that we should also allow for orbifolds which generically break more supersymmetry. 

We will do this by searching for field theories with the correct symmetries and therefore our first task is 
to deteiTnine what these symmetries are. We want N = S thi^ee-dimensional theories with eight dynamical 
scalars and fermions, but no other dynamical modes. In particular, we do not expect any dynamical gauge 
fields. One way to see this is to note that the scalars and fermions together make up all the dynamical degrees 
of freedom of the three-dimensional supermultiplet. However, as we shall see, this does not exclude the 
possibility of non-dynamical gauge modes. '^ Indeed, we have already seen that in thi^ee dimensions there is 
the possibility of having pure Chem-Simons theories, with or without dynamical scalars, and it was already 
suggested in [68] that such theories could be suitable candidates for describing multiple M2-branes. 

An additional criterion for selecting our candidate theories is that in the limit where gravity is decoupled 
from the branes, we should end up with a conformal field theory. Perhaps the simplest reason for this is 
that M-theory has no parameters and only one scale: the eleven-dimensional Planck scale. The gravity- 
decoupUng limit corresponds to considering vanishingly small energy excitations, or equivalently, taking 
the eleven-dimensional Planck length to zero, £p — > 0. Hence, there is no scale in the decoupled theory. We 
have akeady encountered another reason for this in Section 2. 1 : since M-theory can be thought of as the 
strong-coupling limit of type IIA string theory, M2-branes are the strong-coupling limit of D2-branes. D2- 
branes are described by three-dimensional maximally supersymmetric Yang-Mills theories. These theories 
ai^e super-renormalisable, which means their coupling constant gym has a positive scale dimension and 
therefore it increases in the infrared. Thus the strong coupling limit is the same as the IR limit, and the 
theory must either become free (which is ruled out on physical grounds) or reach an interacting conformal 
invariant fixed point. 

From the geometrical point of view, a stack of M2-branes in eleven dimensions breaks the S 0(1, 10) 
Lorentz group to S0(1, 2) x S0(8). While the S0(1, 2) factor becomes the Lorentz group on the worldvol- 
ume, the S0(8) is identified with the R-symmetry and in particular rotates the scalar fields (and acts on the 
fermions as well). Finally M-theory has a parity symmetry, which M2-branes in a flat background should 
presei-ve. 



"Here we refer to the degrees of freedom in the classical lagrangian. In the full quantum theory this distinction is somewhat 
obscure, since in three dimensions a vector is dual to a scalar. 
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In the rest of this chapter, we will look into the general construction of lagrangians with the above 
properties and N = Sor N = 6 supersymmetry. This will involve the introduction of an interesting algebraic 
structure intimately connected with supersymmetry: 3-algebras, which generalise the notion of conventional 
Lie algebras. During the course of our discussion we will find that these 3-algebra theories also admit a 
conventional Lie algebra formulation in terms of bifundamental matter fields in three dimensions. This 
provides a connection to the theories of Chapter 2 and sets the stage for the ABJM theory with \J(n) x \J(n) 
gauge symmetry of Chapter 4. Superspace constructions of these theories are given in [77-82]. 

3.1. N = S 3-algebra theories: BLG 

To proceed we simply start from scratch and attempt to construct the theory that we are looking for. 
This was done in [83-86] and is commonly known as BLG theory. The supersymmetries that are preserved 
by the M2-branes can be taken to satisfy 

Toiie-e. (3.1.1) 

In this section we work in conventions where our spinors are real 32-component spinors of eleven-dimensional 
spacetime. This is a somewhat non-standard way to describe a field theory in 2-i-ld, where irreducible (Ma- 
jorana) spinors are 2-component. However we use this notation because it greatly helps us relate symmetries 
on the brane to those in the bulk. 

The worldvolume fermions can be thought of as Goldstino modes for the supersymmetry broken by the 
brane. They therefore satisfy the opposite supersymmetry condition Fon^ = -^- Let us call the scalar 
fields X' and, as for D-branes we assume that they, along with the fermions, take values in some vector 
space with a basis T", in other words 

X' = X^T" 
"¥ = ^aT" . (3.1.2) 

Here / = 1, ..., 8 is an R-symmetry index. Despite the notation, we do not require the T" to generate a Lie 
algebra; we will shortly see that they do something rather different. 

For each value of the index a, the scalars have 8 degrees of freedom due to the R-symmetry index. The 
fermions have 32 degrees of freedom, reduced to 16 by the parity condition above, and further reduced to 8 
on-shell. Hence the on-shell bosonic and fermionic degrees of freedom match and, as can be easily checked, 
the free theory is invariant under the (on-shell) supersymmetry transformations 

<JX^ = ieT'^i'd 

S'i'd - df^X'^TT'e. (3.1.3) 
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To introduce interactions we need to include a term in S^ that is non-linear in the scalar fields. Now 
*? and e have opposite eigenvalues with respect to Fon and in addition it is easy to see that [roi2,rp] = 
but {roi2,r/} = 0. Thus any temi on the right hand side of 6^d must have an odd number of T' factors. 
Furthermore we wish to look for a conformal field theory. Since the scaling dimensions of Z^, Y^ and e are 
^, 1 and -^ respectively we see that the interaction term we are looking for should be cubic in X^. Thus a 
natural guess is 

6^4 = d^X',r>'T'e-^X'Xx^f''4r"''e. (3.1.4) 

Here we have introduced coupling constants f'^'^d which, without loss of generality, are antisymmetric in 
a, b, c. By analogy with normal Lie algebras, we propose to view them as structure constants for a "triple 
product" or "3-bracket" that acts on the vector space spanned by T" as 

{T" ,t'\T'] ^ f^' dT'^ . (3.1.5) 

Thus we can say that the vector space in which the scalars and fermions are valued has a Lie 3-algebra 
structure, namely a totally anti-symmetric triple product (with certain additional properties, as we will see). 

Next we must check that this supersymmetiy algebra closes. In the more familiar case of D-brane 
theories this happens on-shell, up to translations and gauge transformations. Here, if we compute [6i , 62] X[ 
we find 

[51 , 52\ X'^ = -2i-€2r''eyd^XJj - (2/e2r-'^eiXX/''"'./)^r • (3-1-6) 

The first term is simply a translation, as expected, with parameter v'^ = -2ie2T'^ei. The second term must 
be interpreted as a new symmetry 

6X', = k'dXi , k'd = -2ie2T'^e,Xi^ff''d - (3-1-7) 



This must be a gauge symmetry, since A'j depends explicitly on the X^ which in turn depend on x^^. By 
multiplying both sides of the above equation with T^ we can write the above transformation as 



6X' = ajK\X',X-',X^^ (3.1.8) 

with parameters ajK = 2ie2T-'^e\. A general gauge symmetry transformation on an ai^bitrary vector X in 
our vector space therefore has the form 

6X = [X,A,B^ (3.1.9) 
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where A, B are two more vectors in the same space. 

In order for this symmetry to hold in the interacting theory, we require that it act as a derivation on the 
triple product 

5[X, Y, Z] = [6X, Y, Z] + [X, dY,Z] + [X, Y,SZ] , (3.1.1 0) 

which in turn requires that the triple product satisfy the "fundamental identity" 

[A,B, [X, YZ]] = [[A,B,X], YZ] + [X, [A,B, Y],Z] + [X, Y, [A,B,Z]] , (3.1.11) 

or equivalently 

fbcjef,^ - f^%P''d + n'^,ff'\ + f'df^'g . (3. 1. 12) 

Next we must introduce a gauge field for this gauge symmetry. Following the standard procedure we 
define 

Df,X'j^df,X'^-A/dX',, (3.1.13) 

and similarly for T^. This is gauge covariant provided that 

M/rf - df^A'd + A/.A'^rf - A^',A/rf (3. 1. 14) 

under a gauge transformation. We can also compute the field strength from [D^, Dy] XJ^ - Ff^y^tX'^ and find 

Ff,y"t - 5vA/fc - df,Ay\ - Af,",Ay% + Ay\A/b . (3. 1. 15) 

These are familiar expressions from gauge theory and indeed the fundamental identity (3.1.1 1) ensures that 
the set of all A"/, form a closed set under matrix commutation. Thus the 3-algebra defines an ordinary Lie 
algebra generated by the elements A"h that act naturally on the 3-algebra. The underlying gauge symmetry 
of the theory is therefore that of an ordinary gauge theory based on a Lie algebra. We will give a more 
mathematical treatment of 3-algebras below. 

It remains to specify the supersymmetry transformation law of the gauge field. This is easily done using 
index stmcture and dimensional counting (noting that the above equations determine the canonical dimen- 
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sion of A^"ft to be +1). We are thereby led to postulate the complete set of supersymmetry transformations 

6Wa = DX^^Y'e-^XixiXJf'\Y''''e (3.1.16) 

6A^\, = ieT^TiXi^df^^,. 

A priori it is not at all obvious that these supersymmetries close into translations and gauge transformations 
on-shell. In fact at this stage we do not even know what "on-shell" means since we do not know the 
equations of motion of the theory we are seeking. 

Fortunately, the requirement that the above supersymmetry transformations close is very powerful. It 
determines the equations of motion for some of the fields and also fixes the normalisation of the supersym- 
metry variation M^"^ above, which could not have been determined by dimensional counting. At the end 
one finds that 

V6u62\Xi = V^dAX', + {A''a-V''A/a)Xi 

[SuSil'i'a = v''5,»P, + (A^ - vWjn (3.1.17) 

[Si , 62] A^\ = v'dAA^'\, + D^{k\, - v'Aa\,) , 

where v^ - -lieiT'^ei and A^^ - -liiiT-^^ €iX-^.X^ f^"^^ a, but only if the following equations of motion are 
satisfied: 



ii 

2 



r^'D^%. + -^TijXix',^hf""a = 



Ff,y'a+ef,yAiXiD''X^i + -^',r'^'d)f'"'a = 0. (3.1.18) 



In this way we have found the fermion and gauge-field equations of motion. To find the equation of motion 
for the scalars, one takes the supersymmetry variation of the fermion equation above. The answer spUts into 
two sets of terms, one that vanishes by virtue of the gauge field equation above and another whose vanishing 
implies the scalar equation of motion 

D^Xi - '-^cT'jX-'/¥br"\ + jXf,X^XiXJX^f'',ffs, - . (3.1.19) 

The free parts of the above equations of motion, obtained by setting all terms involving sti'ucture con- 
stants to zero, are respectively the massless Dirac equation, the equation of a flat gauge connection and 
the massless Klein-Gordon equation. The first and last are as expected, but the middle one is somewhat 
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unusual - it is not the equation of motion for a Yang-Mills gauge field, but rather the one that follows from 
a Chem-Simons action. Fortunately, it is just what we expected on grounds of conformal invariance. 

It only remains to construct a lagrangian that gives rise to the full interacting equations of motion above. 
For this we need to introduce an inner-product or metric on the S-algebra^" 

{X,Y} = h"''XaYb. (3.1.20) 

Requiring invariance of this inner-product under the gauge transfoiTnations 6Xa = A^'^Xi,, SYa = ^^aYb 
implies that the structure constants with the last index raised by the metric /"^'■'' = h'^" f"^'^^ are totally 
antisymmetric 

j^abcd _ Aabcd] /t i o i \ 

The lagrangian can now be written as 

£ = - ^D^X^'D^'X'^ + ^^"Tf^D^^a + ^%rjjXix'^^'af'''''' - V + £cs , (3.1 .22) 



with a sextic potential 



V = ^xixXxixj-x^f'^T^', 

= — ([X^X-',X^],[X^X-',X^]> (3.1.23) 

and a "twisted" Chern-Simons term 

£CS = \^'"' lf'''A^,i,dAAcd + ^f'"gf^''%atAycdAAef\ , (3. 1.24) 

Note that £,cs is written in terms of a gauge field A^^fo that differs from the "physical" gauge field we have 
previously encountered in the supersymmetry transformations and equations of motion, being related to it 
via 

A^''a=A^,,f'"'a. (3.1.25) 

In general, this equation cannot be inverted to determine A in terms of A, but one can check that £.cs is 
invariant under shifts of Af^ab that leave A^^'a invariant. It is therefore locally well-defined as a function of 

^/i a- 

It is not hard to check that the lagrangian is gauge invariant and supersymmetric up to a total derivative 
under the transformations (3.1.16). Note also that (3.1.22) contains no free pai^ameters, up to a rescaling 



^"For an alternative approach which does not utilise a metric see [87]. 
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of the structure constants. In fact, given the presence of the Chem-Simons term, it is natural to expect the 
j:ahcd j-^ ^g quantised and we will argue below that this is indeed the case. 

The theory we have constructed is invariant under 16 supersymmetries and an S0(8) R-symmetry. It is 
also confoiTnally invariant at the classical level. These are all the continuous symmetries that are expected 
of multiple M2-branes. Note that the Chern-Simons term naively breaks the parity that is expected to be 
a symmetry of the M2-brane worldvolume. However, we can make the lagrangian parity invariant if we 
assign an odd parity to /"''"^'. In particular, if we invert x^ — > -x^, we must then require that X^ and A "^^ be 
parity-even for // = 0, 1; A^^^ and f"'^'^'^ be paiity-odd and *Pa -^ ^2^ a- This assignment also implies that 
Afiab is parity-odd fox jj. -0,\, while A2ab is parity-even. 



This would seem to be a complete success: We have a lagrangian with all the required symmetries for 
multiple M2-branes. One would expect the logical next step to be a determination of the possible consistent 
structure constants f^'^d which (following D-brane intuition) should be related to the number of coincident 
M2-branes. However at this stage we encounter a problem. If we assume that the metric h'^^ is positive 
definite, so that the kinetic and potential energies are all positive, then there turns out to be essentially a 
unique choice [88-90] for /"^''' that is totally anti-symmetric and that satisfies the fundamental identity, 
namely 

^abcd ^ _^abcd ^ Jfb^gab^ (3.1.26) 

k 
where a,b,... = 1, ..., 4 and ^ is a (for the moment, arbitrary) constant. 

The uniqueness of the structure constants rules out the possibility that the lagrangian written above 
[85] describes an arbitrary number of coincident M2-branes. Nevertheless, it is an interesting theory on its 
own. It provides the first example of an interacting lagrangian quantum field theory with maximal global 
supersymmetry that is not of Yang-Mills type.^^ Let us therefore study the theory in more detail. 

The gauge algebra generated by A^t, is simply the space of all anti-symmetric 4x4 matrices. This is 
of course 50(4) - su(2) ® su(2). The split is realised by noting that the self-dual and anti-self-dual parts of 
A"h commute with each other Thus we write 

Af,"b=A;"t+A-/h, (3.1.27) 

where Aj^"h is the (anti)-self-dual part of A^^^. Now the twisted Chem-Simons term can be written as [86] 

£cs = |^^''(A;^5,Af „ + ^A;%A:\Ar„) - ±.^^\A;\dA-,' a + ^A;\A;\a:,' ,) . (3.1.28) 



-'One can alternatively arrive at this theory starting from (gauged) // = 8 supergravity in 3d [91] and taking the global- 
supersymmetry limit [92, 93]. 
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The action of parity changes the sign of each of the two terms of Jlcs > and - as we saw above - flips the 
sign for /"^'"^ which in our new notation amounts to swapping the two su(2) subalgebras. Combining the 
two Chern-Simons terms indeed leads to a parity-invariant lagrangian [94, 95]. 

The (anti)self-duality constraint means that the independent gauge fields can be taken to be those whose 
indices a, b take only the values 1,2,3 and we relabel them /, j. Then we can further simplify the action by 
defining the hermitian 2x2 matrices 

4 - ^f/V,A;' . , Al = \e,J'cr,A;'j , (3.1.29) 

where crt are the Pauli matrices. The gauge field action now reduces to the difference of two standard 5u(2) 
Chern-Simons actions, each of level k, 



— e^^-'Tr 
4n 



7 T Z.I J I J /? o /? R R R 

{A^OyA-^ —A^AyA^) — (A^OyA^ r-A^A^A^) 



(3.1.30) 



Moreover, the scalars can now be thought of as bi-fundamentals of the two su(2) gauge algebras. In this 
language they are denoted X' ■ with a,0 = 1,2 and are defined in temis of X^,, a = 1, 2, 3, 4 by 

Kfi ^ (l^i 1 + jXJ A , / = 1, 2, 3 (3.1.31) 

where cr' are the Pauli matrices. As a consequence, they satisfy the reality condition 

The covariant derivative of Eq. (3.1.13) becomes 

Df,X' - df,X' - iA^X' + iX'A^ (3.1 .33) 
and the sextic scalar self-interaction is just 

V{X) = T Tr [X^'X-'^X'^^X'^^X-'X'^) . (3.1.34) 

In the above discussion, the constant k appears as an overall multiplicative coefficient, bearing the 
standard normalisation for the level of a Chern-Simons action. As such it is expected to be quantised in 
integers. To see this, consider first a single su(«) gauge field A^, and a Chern-Simons lagrangian 



^e^^'^TriA^dyA,-^. 
47r 3 
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Xs„(2) - i-ef""' Tr(A^5vA, - ^A^A.Aa) , (3.1.35) 



where Tr is the trace in the fundamental {n x n) representation. Under a large gauge transformation one has 
[96] 

I <i-'x£,„(„) ^ I d^ x£,u(n) + 27Tkw , (3.1.36) 

where w e Z is the winding number of the gauge transformation. In particular if we compactify spacetime 
to S^ then a gauge transformation is a map from S^ into SU(?i) which always contains a non-conti"actible 
3-cycle. As usual, for the quantum theory to be well defined, we require that exp (i j d^ x£,su(n)j remains 
invariant under such a transformation. This fixes k € Z. The same result holds in our case with n = 2 since 
both terms in Eq. (3.1.30) are conventional Chem-Simons actions with the usual normalisation. As a result 
we also find k e Z. 

To summarise, by exploiting all the desired symmetries we have found a lagrangian that appears to 
have the correct properties to describe multiple M2-branes. Unfortunately, it is unique (up to the choice 
of the integer k, whose interpretation we will discuss below) and is thus unable to capture the dynamics of 
an arbitrary number of M2-branes. This issue will be addressed in the following section by relaxing the 
supersymmetry constraints of our theory. 

3.2. N = 6 3 -algebra theories 

It turns out that the most fruitful way to generalise the previous construction is to look for theories 
with less supersymmetry. In three dimensions it is possible to have field theories with N = S,6, 5, 4, 3, 2, 1 
supersymmetry.^^ Since we have seen that N - S is very constrained and therefore likely to be of limited 
utility in studying M2-branes, the logical next step is to consider the case of N = 6. This is still a highly 
supersymmetric theory but as we will see, it is not constrained to have a fixed gauge group. In fact this 
direction leads to infinitely many interesting field theories, including the ABJM models [98] that describe 
an arbitrary number of M2-branes. 

The R-symmetry of an A/^ = 6 superconformal field theory in 2+ Id is S0(6) ^ SU(4). In fact we 
will find theories with SU(4)k x U(l)g global symmetry that can be thought of as a subgroup of the S0(8) 
R-symmetry of the N = 8 theory. The 12 supercharges transform in the 6 of the SU(4), while the U(1)b pro- 
vides an additional global symmetry - although it will eventually be gauged. The 8 transverse coordinates 
are grouped into four complex combinations that transform as the 4 of SU(4). 

Accordingly, we introduce four complex scalar fields Z^, A = 1,2, 3,4, as well as their complex con- 
jugates Z^. The symmetries of the problem dictate that we must similarly group the fermions into sets of 
four complex 2-component spinors i^Aa, with their complex conjugates being denoted by^^ ip^". A raised A 



^^Indeed even N = Oif one is so inclined [97]. 

-^Thereby we abandon the 32 x 32 notation of the previous section. In particular, the gamma-matrices will henceforth be real 
2x2 matrices denoted y^ and satisfying -/"y'y- = 1. 
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index indicates that the field is in the 4 of SU(4); a lowered index transforms in the 4. We assign Z^ and ij/Aa 
a U(1)b charge of 1. Complex conjugation of fields raises or lowers the A and a indices and flips the sign of 
the U(1)b charge. The supersymmetry generators are denoted bab and are antisymmetric under exchange of 
their indices. The reality condition e^^ = js^^^^eco ensures that they are in the 6 of SU(4). Their U(l)fi 
charge is taken to vanish. 

Having established the setup, one can follow the N = S discussion above to arrive at the form for the 
supersymmetry algebra that preserves the SU(4), U(1)b and conformal symmetries. We will not go through 
the derivation here, but merely quote the result. Details can be found in Ref . [99] where it is shown that the 
most general supersymmetry transformations are 

6Z^ = ie^'^iPBd 

SipBd = y^Df^Z^ eAB + f cdZa Z^ Z^exe + /" cd^a Z^ Zgfcz) 
M/rf = -i-eABy^.Z^^'"'rhd + i-^''y,Z'liPBarbd, (3.2.1) 

where D^Z^ - d^Z^ - A^f ^Z^ is a covariant derivative. 

The above transformations close into translations and gauge transformations, namely 

V5y , S2] Z^ - v'D;^Z^ + A"aZ^ , (3.2.2) 

for the scalai^s (and similar expressions for the other fields), where 

A% = K'tf^d, A''^ = /(^^6lC£-6f^62C£)Z^Zf , (3.2.3) 

provided that the fields satisfy the on-shell conditions 

y^D.lffcd = r'cd^CaZ^Z'o + 2f\d^DaZ^Z-=c - ecDEFf' cd'^'^'Z^^Z^ . 

F^/d = -e^yAiD-'Z^Z'^-Z^D^Z'^-iifr^yifrAajrtd. (3.2.4) 

As before, the scalar equations of motion can be obtained by performing a supersymmetry variation of the 
fermion equation and using the gauge field equation to eliminate part of the result. 

The stmcture constants f"''cd = -f''"cd define a new triple product 

[r , r^ f J = r^^r'' , (3.2.5) 
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which must satisfy the following fundamental identity: 

f^,bf\.d + ff'ahf\d + rJ'rM + fa^'fhd = - (3.2.6) 

We see that in this case the triple product is linear and anti- symmetric in its first two entries, but complex 
anti-lineai- in the third. 

Note that the structure constants /"^^c/ ^^^ 1^°^ in general complex, and we have defined 

/;/' - {r'cd)* ■ (3.2.7) 

Similarly, it is useful to define 

a:' - (A^)* . (3.2.8) 

Note that in this notation, which differs from [99] and was introduced in [100], there are only unbarred 
upper and lower indices. They can be contracted, but that implies that the inner product (the analogue of 
Eq. (3.1.20)) is 

{X, Y) = TYa . (3.2.9) 

This seems hke a special case, equivalent to choosing h"^ = 6"'' on a complex manifold. One may consider 
more general cases where h"'' -^ 6°^ by changing the definition of complex conjugation. We will not consider 
such cases here. 

In the special case that the structure constants are real, we can treat the third index on par with the first 
two {i.e. consider it to be a raised index) and ask whether /"'" ^ is antisymmetric in a, b, c. When that is the 
case, we recover the supersymmetry transformations of the N = 8 theory. 

Let us now construct an invariant lagrangian. We have seen that the supersymmetry algebra closes into 
a translation plus a gauge transformation. By complex conjugating Eqs. (3.2.2), (3.2.3), we find that under 
gauge transformations 

6AZi = A:''z'^, (3.2.10) 

with v'' and A"^ given in (3.2.3) and 

K'-{^"h)*-A*/C. (3.2.11) 

To construct a gauge-invariant lagrangian (or, for that matter, any gauge-invariant observable) we need 
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inner products to be gauge invariant, namely 5\{Z'^^Z^) - 0. This gives us 

A;« ^ -A,\ . (3.2.12) 

In addition this requires that 

f\d = r,/'. (3.2.13) 

This allows us to rewrite the fundamental identity as 

f'fdfKg = rfgf\d + f'fgr'cd - f:/'f\d . 0.2. u) 

From these equations, we learn that the transformation parameters A"}, are elements of u(?i). The fun- 
damental identity ensures that they form a Lie subalgebra of u(«), i.e. they are closed under ordinary matrix 
commutation. 

The first temi in (3.2.2) contains a translation appearing as part of the covariant derivative O^Z^ = 
dfiZ^j - AffiiZc- The second piece of the covariant derivative is interpreted as a field-dependent gauge 
transformation with parameter hf^a = -v^^if d- This implies that the gauge field also takes values in u{n). 

With these results, it is not hard to show that the following lagrangian, invariant up to boundary terms, 
reproduces the equations of motion: 

-if\d ^'^Aa ZlZ% + 2if\., ;iAUBa Zf,Z'^ (3.2.15) 



The potential is 



with 



2 
3 



y = ^^Bd'^ci)' (3-2.16) 



YCD rah ryCryDryC cCrilb ryEryDryC , cDrClb ryEryCryC /"T ^ 1 T \ 

Bd ^ J cd Ai Zfe ^B - 2°bJ cd Za Zj^ Z^ + -dj^ f cd Z^ Z^ Z£ . {5.1. 1 /) 

The twisted Chem-Simons term £.cs is given by 

£cs = \^'' (fed A,% dyA/a + Ir'dgf'fb A," a a/, a/} . (3.2. 1 8) 



It satisfies 



^rdb = ^s^"''F^v'd, (3.2.19) 
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up to integration by parts, where F^y"b = -d^^Ay" h + dyA^^" t + Ay" eAf^" b - A^^" eAy" t- Just as before, Xc5 can 

i^'^d rather than A^'^. 



be viewed as a function of A,/d rather than A 



3.3. From N = 6 3 -algebras to CS-matter theories 

The lagrangian consti'ucted above can be given a more standard interpretation as a Chern-Simons matter 
theory, where the choice of 3-aIgebra determines the gauge group. In this section we will show how to 
obtain N = 6 Chem-Simons theories with gauge groups SU(m) x SU(«) x U(l) for m i^ n, SU(«) x SU(?i), 
Sp(?i) X U(l), and \]{n) x U(n), all with matter in the bi-fundamental representation. 

3.3.1. Gauge group determined by 3 -algebra 

We start with what is perhaps the simplest 3-algebra, constructed from rectangular complex m x n 

matrices X, Y, Z, as follows 

[X, Y;Z] {XZ^Y - YZ^X) , (3.3.1) 

k 

where here X^ is the conjugate transpose of X. The 3-algebra completely determines the gauge transforma- 
tion oiXdi, where d and / are bifundamental indices, running from 1 to m and n, respectively, 

6Xdl = [X, Y;Z]dl = f"' ^ckdl^'^ bjXai 
7.JT 

= -—(XdkZ^'^^YM-YdkZ^'^Xti). (3.3.2) 

k 

This fixes the 3-algebra structure constants, 

f'^ckdi - -'^{S"d5\6\6i, - 5\5\5\5\) . (3.3.3) 

k 

The f"^Kkdi have the correct symmetries and satisfy the N = 6 fundamental identity. 

It is a simple matter to detennine the corresponding gauge group. For the case at hand, we compute 

2n 
5Xdi = A"'diXai = -— (6'ih"idj - <5^/A^'w) Xai . (3.3.4) 

The matrix A^'j/ has a nonvanishing trace for m i^ n and a vanishing trace for m - n. Therefore the N = 6 
theory has SU(m) x SU(?i) x U(l) gauge symmetry when m t n, and SU(?i) x SU(«) otherwise. 

A second choice of structure constants is given by 

fed = -^(r'Jcd + {5\6\ - 5"d6\)) , (3.3.5) 

k 
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where J"^ is the invariant anti-symmetric tensor of Sp(«). The structure constants also obey the fundamental 
identity and have the correct symmetries. As above, the gauge symmetry can be determined from the gauge 
transformation on X^, 

6Xd = k"dXa = -—ViKi" + Arf) - S^iA\]Xa . (3.3.6) 

This transformation contains two parts: The first is of the form d'X^ = A'^rfX^; the second is a phase. It is 
not hard to check that Jah^'^cJ"' - A"' a, so the gauge group is Sp(n) x U(l). 

For the rest of the discussion, we will show how to lift the N = 6 SU(2) x SU(2) theory to N = 8 with 
the same gauge group, thus making a connection with Section 3.1. We first write the fields Z^^ in S0(4) 
notation [101], 

Z^ = Z^crf , (3.3.7) 

where the a'^" are the Pauli matrices of [102] (except taking cr^ -^ icr^ - i&^ to make the gauge space 
Euclidean). Because of the well-known identity 

(o-VV^ - a'o^d^f" = -2e"''"^d-f , (3.3.8) 

the matrix representation of the SU(2) x SU(2) 3-algebra given in (3.3.1) exactly reproduces the N = 8 
3-algebra with^^ /"^'^^ = e"''"'. 

To find the full set of supersymmetry transformations, we start with the N = 6 supersymmetry transfor- 
mations presented above, parametrised by e^^, and construct two additional supersymmetries, pai^ametrised 
by a complex spinor rj of global U(1)b charge +2. It is a matter of algebra to find the full set of supersym- 
metry transformations 

5ZJ = ie^^'^Dd + ifi'i'd 

(5^^ = y'^eADD^Z^'^ + r^D^Zf, 

- e^^'^'^Z^ZAbZocri - ^eABCDe"""'r,*Z^Z^Z^ , (3.3.9) 

where gauge indices can be moved up or down because the gauge group is SU(2) x SU(2) - S0(4). Closing 



''We absorb the constant of proportionality into e"'" 
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on the femiion gives 



+ ^f[?fi]CD£Brf - ^ef^/eiBsr^^M (3.3.10) 

+ ifi[2£i]CDE^ - 2('7[2?7t] + '7[2r^'7i]r/i)^Drf > 



as required, where E^d denotes the fermion equation of motion. The same calculation also fixes the trans- 
formation of the gauge field 

+ ie^'^'fy.^BbZ!' + ie^""'w,'i'!ZBc . (3.3. 1 1) 

Closing on A^'"' imposes the constraint on the gauge field strength. 

The above supersymmetry transformations are manifestly SU(4)xU(1)b covariant. However, they must 
also be covariant under S0(8), the N = S R-symmetry group. As a check, therefore, one can compute their 
transformations under the twelve remaining generators of SO(8)/(SU(4) x U(1)b), which we denote g^^, 
with U(l)5 charge 2. The transformations are 

SZ^ - /«Zb, 
Se^'^ = /V + ^^"^^^cz)'7 (3.3.12) 

consistent with the fact that Z^, ^'st and e^^ live in different S0(8) representations. The transformations 
(3.3. 12) close into SU(4) x U(l) transformations, as required by the S0(8) algebra. It can be shown that the 
supersymmetry transformations (3.3.9) and (3.3. 1 1) are covariant under (3.3. 12), as they must be. Thus, for 
the case of S0(4) gauge symmetry, the supersymmetry transformations (3.3.9) and (3.3.11) do indeed lift 
the AT = 6 theoi-y to N = S. 

3.3.2. From N = 6 3 -algebras to U(?i) x U(n) CS-matter theories 

We finally show how to extend N = 6 theories with SU(?i) x SU(?i) gauge symmetry to U(«) x \J{n). 
We do this by gauging the global U(1)b and requiring supersymmetry. Towards that end, we introduce an 
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abelian gauge field 5^ and redefine the covariant derivative D^ to be 

D,zi = d,zt-A,\zt - iB,6',Z^ . (3.3.13) 

Similar expressions hold for D^^ipAa, ^ii^a ^^^ ^n^"^ with a flip in the sign of A^ for fields with a lower A 
index,^^ and a flip in the sign of B^ for fields with an upper a index. ^^ 

Under the U(1)b gauge transformation we have 

Bf,^ Bf, + df,e. (3.3.14) 

Clearly, the action is now invariant under U(1)b gauge transformations, so the full gauge symmetry is 
SU(«)xSU(«)xU(1)b. 

Our next step is to make the lagrangian invariant under N = 6 supersymmetry. The transformations of 
Z^, ijjA and A"}, remain the same, except that the covariant derivative now includes the B^ gauge field. We 
also need SB^ which we simply take to be 

6B^ = 0. (3.3.15) 

Except for the covariant derivatives, the theory is the same as in Eq. (3.2. 15), so the supersymmetry variation 
remains unchanged with the exception of terms involving [D^, Dy\, which now includes a contribution from 
G^v = d/i^v - dyBfj. Indeed, we find 

= -^-i^^'G^,-eAByA^"Zf^ + jef''-e^'^G,y-ey,ifrAaZ"s , (3.3.16) 

where we have used y'^"' = e^^'^y^. To cancel this we introduce a new field Q^ and a new term in the 

lagrangian 

k' 

-Cv{n)xV(n) = -Cfv(%xSV{n) + ^^^''^'^1'''^^ ' (3.3.17) 

where the first teiTn on the right hand side includes the B^ gauge field and k' is an as-of-yet-undetermined 
real constant. Comparing with (3.3.16), we see that the complete lagrangian is supersymmetric if we take 

SQa = y-€AB7A^"Z^ - ^e^'^y.^AaZl . (3.3.18) 

The supersymmetry transformation dB^ = implies [6i , 62] B^, = 0, whereas one would have expected 



-'These transform in the 4 of SU(4). 
-*These have U(1)b charge -1. 
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the commutator to close onto translations and possible gauge transformations. If, however, the equations of 
motion are G^y = 0, then it is consistent to say that, on-shell, 

[6i , 62] B^ = v'Gy^ v' = '-{e^^'fe'cjj) , (3.3. 19) 

which is a combination of a translation and a U(1)b gauge transformation. 

We must also check the closure on Q^j. Let us first define the abelian field strength associated to Q^j by 

H^y = d^Qy - dyQf, . (3.3.20) 

We find that 

[Si , 62] 2/. - ^v''e^,,iiZ^D'% - iOXz^A - ^y^A) + D,A , (3.3.21) 

where A = {k' I An){e^^ e\BC - e^^ ^2Bc)^B^a ■ Therefore, if the on-shell condition is 

//^v - - ^s^yAiiZ^D^Zl - iD^Z^Zl - ^^y^A) , (3-3.22) 

we again find a translation plus a U(1)q x U(1)b gauge transformation 

V5,,62\Q^,=v'Hy, + D^K. (3.3.23) 

Thus we see that 2^, which started off life as a Lagrange multiplier for the constraint G^y = 0, naturally 
inherits a U(l) gauge symmetry of its own. The closure on the other fields remains unchanged from the 
S\J{n) X SU(«) lagrangian, except that the connection now involves the U(1)b gauge field. 

If we write S^ = Af" - A^ and Q^ = A^ + A^, the new term in (3.3.17) can be written in the following 
form, up to a total derivative: 



k' k' 

-U(i)xu(i) cs = —e^^'^A^dyA'^ - —e ^^Uy^,^ 



Xu(i)xu(i) cs = ^^'"A%A'i - — 6^-'Af 5yAf , (3.3.24) 



This is nothing but the Chern-Simon lagrangian for a U(l) x U(l) gauge theory. 

We have therefore constructed a family of AT = 6 Chern-Simons-matter lagrangians that have gauge 
fields in U(l) x SU(«) x U(l) x SU(?i) and are parametrised by two numbers k and k' , associated respectively 
to the SU(«) and U(l) factors. From the point of view of supersymmetry the levels k and k' are arbitrary 
and independent. Although k must be an integer in the quantum theory, k' need not be (indeed k' can be 
absorbed into the definition of Qa)', see for example Ref. [103]. (The possibility of choosing different levels 
for the SU(n) and U(l) factors was also pointed out in [98].) 
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With the special choice 

k' - nk , (3.3.25) 

we see that the addition of the U(l) x U(l) Chem-Simons term simply converts the S\J{n) x SU(?i) level 
(k, -k) Chem-Simons term £.cs with connection A'^'b into a U(n) x U(n) level {k, -k) Chern-Simons term 
with connection A^ + iA^ . In terms of A^/ , the supersymmetry transformations are simply 

5Al = Mi - ^-eAByA^"z!! - ^6^Vi<AA«4 • (3-3.26) 

nk nk 

To summaiise, we have used N = 6 3-algebras to construct a vaiiety of Chern-Simons-matter theories 
[104], a big step forward from the single A/^ = 8 model of Section 3.1. Their lagrangian is given by the set 
of equations (3.2. 15)-(3.2.18). One could look for further generalisations, including constructions with less 
supersymmetry, e.g. N = 5,4- We will come back to such theories in Chapter 7. However, with the results 
in hand, we have what we need to understand multiple M2 branes. Before we continue with their physical 
analysis, we provide a brief mathematical description of 3-algebras. 

3.4. Some mathematics of 3-algebras 

We have seen how Euclidean 3-algebras have been instrumental in the construction of three-dimensional 
Chern-Simons-matter theories with N = i,6 supersymmetry. Given their importance it is appropriate to 
pause our analysis, pertaining to their relation to M2 -branes, and do them (partial) justice by providing a 
brief mathematical discussion of their properties. 

Although perhaps novel to the mainstream string theory literature, 3-algebras have been studied in the 
mathematical and physical literature for more than 50 years. They go by several names (Filipov algebras, 
ternary algebras, triple systems...). A selection of papers is given in [105-110]. More recent and relevant 
discussions for our purposes can be found in [81, 100, 111-117]. 

At the most general level, a 3-algebra is simply a vector space 'V with a tiiple product 

[•,-,•] :n/®n/®^^^ (3.4.1) 

that is linear in each of the entries and satisfies a fundamental identity that generalises the concept of the 
Jacobi identity. Although in the cases above we assumed that the triple product had various symmetry prop- 
erties, this is not always required, and we do not require it in this section. Imposing symmetry properties 
restricts the 3-algebra and leads to Chem-Simons-matter lagrangians with diff"erent amounts of supersym- 
metry. 

If the vector space "V is real then we have a real 3-algebra. We can also introduce the notion of a 
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complex 3-algebra by taking "V to be a complex vector space and defining 

[•,•;•] :n^(g)n^®n^^n^, (3.4.2) 

where "V is the complex (Hermitian) conjugate of "V. We also assume a similar map acting on the complex 
conjugate space 

[•,•;•]: 4^(8) i>(g)n^^n^ . (3.4.3) 

(Note that we use the same notation for both maps since choosing which is which is easily determined by 
the elements on which it acts.) 

Such maps preserve a Z2 grading where elements of "V have charge 1 and those of "V have chai^ge -1. 
In this case we require that the triple product be complex linear in the first two entries and anti-Unear in 
the third entry. In addition, one can also introduce the notion of a quatemionic 3-algebra, but we will not 
discuss it here. 

A complex 3-algebra can be viewed as a special case of a real 3-algebra and conversely a real 3-algebra 
is obtained from a complex 3-algebra by taking all the elements to be real (in cases where 'V is naturally 
isomorphic to "V) and restricting the field associated to "V to be M. Thus in what follows we will only 
consider complex 3-algebras since the results automatically apply to real 3-algebras as well. 

The key defining feature of a 3-algebra is that the generalisation of the adjoint map should act as a 
derivation. In particular if we fix any two elements of U e "V, V e 'V, then these induce the linear map 
'Pu,v : ^ ^ ^ and (pjjy : "V ^ 'V defined by 

iffjyiX) = [X, U; V] cpu^y{X) = -[X, V; U] . (3.4.4) 

(Note the minus sign which is chosen so that in the real, totally anti-symmetric case, the two actions of (pjj y 
agree.) We require that this map is a derivation in the sense that 

ifuyiVX, Y; Z]) = VifuyiX), Y; Z] + [X, ^^yin, Z] + [X, Y; ^^^(Z)] , (3.4.5) 

or, equivalently, 

[[X, Y; Z], U; V] = [[X, U; V], Y; Z] + [X, [Y, U; V];Z]- [X, Y; [Z, V, U]] , (3.4.6) 

for all elements of 'V. This is referred to as the fundamental identity and plays a role analogous to the Jacobi 
identity in Lie-algebras. 

Since we are interested in physical theories, we also require that the vector space "V admits an inner- 
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product that we denote by (•, •) and take to be complex linear in the second entry and anti-Unear in the 
first. This needs to be invariant with respect to the action of the map ipuy in the sense that {(puy{X), Y) + 
{X,ipyy{Y))^Qov 

{[X,V-U],Y) = {X,[Y,U-V]). (3.4.7) 

Next we observe that a 3-algebra has a natural Lie-algebra associated to it. In particular, let Q c GLCV) 
be the vector space of all linear maps of "V spanned by elements of the fomi (fu y for some pair U e 'V, 
y e T. Furthermore, we observe that the fundamental identity can be written as 

\-<Pu,V' <^F,z](^) = <Pvu.v(Ylz'^^^ - <^F,¥.^t,(Z)(^) ' (3-4.8) 

and hence the commutator of two elements of Q is contained in Q. Since the composition of maps in GLCV) 
is associative the Jacobi identity is automatically satisfied. Thus ^ is a sub-Lie-algebra of GLCV). 

In the case that [•, •; •] is either symmetric or anti-symmetric in the first two entries, the inner-product 
(•, •) induces an invariant inner-product (•, •) on Q: 

i'PY,z,'Pu,v) = (Z,[Y,U;V]). (3.4.9) 

The condition [X, Y;Z] = +[Y,X;Z] implies that {(py^z^'Pu.v) - ('Pu,V'fY,z) ^^ required for a metric. This 
metric is gauge invariant and non-degenerate (assuming the 3-algebra satisfies a certain semi-simple con- 
dition) but is not the usual Killing-form on a Lie-algebra. In particular it is not positive definite in general. 
This is cleai^ly the case if [X,Y;Z] = -[Y,X;Z] since then (^^y, ^j/y) = 0. For example in the totally 
anti-symmetric 3-algebra (3.1.26) where = so(4) = su(2) ®su(2), one finds the inner-product (•, •) acts as 
+4n/k times the Killing form on one su(2) factor (self-dual gauge fields) and -An/k times the Killing form 
on the second (anti-self-dual gauge fields). This inner-product appears, through its inverse, in the action 
through the Chem-Simons term and therefore is not required to be positive definite. 

The notable feature of the Lie algebras generated in this way from a 3-algebra is that they are not typ- 
ically simple but have a product structure. Although this follows naturally from the 3-algebras, from the 
point of view of the gauge theory this is something of a surprise and helps to explain why such highly su- 
persymmetric Chem-Simons gauge theories took so long to discover; the amount of supersymmetry largely 
depends on the choice of non-simple gauge group. 

Stated another way, we see that "V is the vector space of a representation of 0. In fact we can turn this 
around. Given any Lie-algebra Q with invariant inner-product (•, •) and a representation R : Q ^> 'V with 
invariant inner-product (•, •), we can construct a triple product on "V that satisfies the fundamental identity. 
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To see this we construct the Faulkner map [113] 

ifi-.'Vx'V ^g , (3.4.10) 

which is defined as follows. We first note that for any two elements U € "V, V € "V v/e can construct an 
element ip*^y of the dual space Q* (i.e. the space of linear maps from Q to C) by 

f*ig)u,v = (V,giU)), (3.4.11) 

where g e Q. However since Q has an inner-product we can identify Q* with Q. In particular (p*^ y can be 
reaUsed by an element of tpuy ^ @ such that 

V*ig)u,v = (v>u,V'S) , (3.4.12) 

for all g e 0. Thus we have constructed ^ : "V x "V — > ^. Finally we observe that the Faulkner map defines 
a triple product on "V 

[W,U;V]^<Pjj,vi^)- (3-4.13) 

By construction this map is linear in the first two entries and complex anti-lineai^ in the third. Furthermore 
the fundamental identity is just the statement that the Faulkner map (pu y is equivariant: 

[.?' ^f/,y] ^ <fg{U),v + fu,g(V) ' (3-4. 14) 

where g is an element of Q. 

It is perhaps helpful now to be a little less mathematical and illustrate the Faulkner construction using 
symbols more familiar to physicists. Suppose that we have a Lie-algebra with generators {T'')"h, r - 
1, ...,rank(^) that act in some (typically reducible) representation "V, where a,b = \, ..., dimCV). We further 
suppose that Q and "V have invariant, non-degenerate (but typically not positive definite) metrics hrs and 
g"^. The Faulkner construction says that 

<Puyig)r = hr.iTrhUaVeg'" , (3.4. 15) 

and the triple product stmcture constants are 

f"'ci-iT'?e{Trdhrsg''. (3.4.16) 

In terms of iixeducible representations, where we can write h^s = crk^^ with /cf^ the Killing form and cr a 
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constant, we have 

f'd = Y, CRiT'-feiTrA'' ■ (3.4.17) 

R 

Furthermore, since a Lie-algebra always has the adjoint representation, a 3-algebra is really an extension 
of a Lie-algebra to include additional, preferred, representations. Indeed, one can think of a Lie-algebra as 
a special case of a 3-algebra where the preferred representation is the adjoint. In this case the triple product 
is simply 

[X,Y,Z] = [[X,Y],Z], (3.4.18) 

where [X, Y] is the Lie-bracket. One can check that, as a consequence of the Jacobi identity, [[X, Y],Z] 
satisfies the fundamental identity. 

Thus 3-algebras can be viewed as encoding the data of familiar Lie-algebra representation theory. They 
arise in Chern-Simons-matter theories since supersymmetry requires that the dynamical fields sit in dif- 
ferent representations from the (non-dynamical) gauge fields - which are, as always, in the adjoint. In 
particular, thinking in terms of 3-algebras enabled the discovery of new maximally supersymmetric gauge 
theories. This stands in contrast to more familiar Yang-Mills theories with dynamical gauge fields, where 
supersymmetry requires that matter fields be in the adjoint representation. 
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4. The effective action of multiple M2-branes 

We have thus far constructed a set of novel three-dimensional gauge theories with N = 8,6 supersym- 
metry based on 3-algebras, while also providing some rationale on why these have the correct features to 
capture the low-energy dynamics of M2-brane configurations in M-theoiy. In this section we will see ex- 
pUcitly how this connection arises and establish them as the gauge theories describing the CFT side of an 
AdS4/CFT3 duality. 

4.1. Brane derivation 

Following the construction of the N = S SU(2) x SU(2) BLG model and, as we will shortly see, its 
interpretation as describing two M2-branes [118, 119], the N = 6 models with gauge group U(?i) x U(?i) 
were proposed by Aharony, Bergman, Jafferis and Maldacena (ABJM) in [98]. One way in which the result 
can be derived is using brane constructions, from which one naturally obtains not only the above gauge 
theories but also the precise M-theory system that they describe. This is a rather lengthy, but ultimately 
insightful construction, which can be broken up into the following steps: 

1. Construct a "base" type IIB brane configuration. 

2. T-dualise to type IIA. Then lift to M-theory and take the near-horizon limit to obtain the candidate 
dual geometry on the gravity side. 

3. Start again with the "base" type IIB brane configuration and its associated low-energy theory. 

4. Take the decoupling limit and flow to the IR to obtain a.n N = 6 Chern-Simons-matter theory. 

In what follows, we will explain each of these steps in detail. 

4.1.1. The ABJM brane construction 

We begin with the classic Hanany-Witten configuration [120]. This is made up of intersecting D3, D5 
and NS5-branes. Consider n D3-branes extended along the {x^, x^,x^, x^} directions and suspended between 
two parallel NS5-branes that lie along [x^, ..., x^} and are separated by a finite distance / along x^. Because 
of the latter, the low-energy theory on the D3-branes reduces to a certain thi^ee-dimensional \J(n) Yang-Mills 
gauge theory along {x'^,x\x^}. 

To determine this theory, notice that the NS5-branes impose boundary conditions on the worldvolume 
fields, reducing the supersymmetry by a factor of 2. In 2-i-ld, the N = S vector multiplet decomposes 
into the sum of an A/^ = 4 vector and hypermultiplet. It can be argued [120] that the latter gets projected 
out, leading to a theory with 8 supersymmetries. The bosonic field content is then a three-dimensional 
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Figure 1 : The D3-brane segments can move independently. 



gauge field along with three scalars that parametrise the fluctuations of the D3-branes along the NS5-brane 
directions {x^,x'^,x^}. 

Let us now take the x^ direction to be compact with period InR. The D3-branes are now chosen to 
wrap x^ and the NS-branes are located at ;c^ = and x^ - nR. The D3-branes are free to move up and 
down along the NS5-branes and furthermore they can split up into two independent sets of « D3-branes (see 
Fig. 1), corresponding to the segments Q < x^ < nR and nR < x^ < 2nR. Thus the low-energy gauge group 
is \J{n) X U(«). 

This time the field content evidently consists of two N - A U(n) vector multiplets, each containing a 
gauge field, 3 scalars and fermions in the adjoint of U(«). In addition we get a hypermultiplet in the bi- 
fundamental (n, n) of \]{n) x U(«) coiTesponding to the open strings that stretch between the two segments 
of D3-branes, as well as a hypermultiplet in the (n, n) for strings that stretch the opposite way. In terms of 
N = 2 language these give two chiral superfields ^;, i - 1,2 in the (n, n) and two more chiral superfields 
3i,i^ l,2inthe(n,ii). 

So far we just have a familiar U(«) x U(«) Yang-Mills theory in three dimensions, without any Chern- 
Simons terms. However, it is possible to obtain the latter by integrating out the massive fundamental 
fermions. This is due to the fact that three-dimensional Yang-Mills theories with fundamental fermions 
exhibit a parity anomaly at one loop. One can therefore integrate them out only at the expense of introducing 
a parity-violating Chern-Simons term. The Chern-Simons level receives a contribution of ±^sgn{mf) for 
each fundamental or anti-fundamental fermion respectively, with sgn{mf) being the sign of the mass term 
[121, 122]. 

Motivated by the above observation, we need to introduce some massive multiplets in the fundamental 
representation. To do this we add k D5-branes along {x^,x'^ ,x^,x^ ,x'^,x^} but sitting at x^ - 0. These 
intersect the D3-branes and one of the NS-branes (the one at x^ - 0), breaking a further half of the super- 
symmetry down to N = 2. This addition leads to k chiral multiplets in the fundamental and anti-fundamental 
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Figure 2: Introduction of D5's and mass deformation. 

representation of each U(«) factor, from the strings stretching between the D5-branes and each set of D3- 
branes.^^ 

To induce a mass term for these fundamental chiral superfields, we deform the NS5-brane/D5-brane 
intersection into a (p,q) 5-brane web [123]. In particular; we break up the intersection in the x^ direction 
and replace it by a (1, ^) 5-brane along {x^, x^,x^, x^, x^, x^} and at a particular angle 6 in the {x^, x'^} plane 
(see Fig. 2). Supersymmetry determines the angle that the (1,^) brane makes with the NS5-brane [124]. 
Because of the minimal coupling between the charged matter fields and the vector multiplet 



J 



d^9 Q^e^'Q , 



!■ 



i^a ri\„-V 



(feo'e-'Q, 



(4.1.1) 



a VEV for the vector multiplet scalar associated with the D5's results in a real mass with opposite sign 
for the fundamental and anti-fundamental chiral superfields respectively. As a result, by integrating out the 
3-5 strings, one obtains a Chem-Simons term with level k for the first \]{n) factor and -k for the second. 
Note that while each Chem-Simons term breaks parity independently, their combination does not as long as 
it is accompanied by a simultaneous exchange of the two gauge fields. 

We have therefore managed to find a complicated brane configuration, the efi"ective theory for which 
produces the desired Chem-Simons terms. The final step is to note that by rotating the (1,^) five-brane 
relative to the NS5 sitting at x^ - nR by equal angles 6 = aixtan(/:) in the {x^,x^}, {x^,x^} and {x^,x^} 
planes, the supersymmetry is enhanced from N = 2to N = 3 [125, 126]. This completes the construction 
of our "base" IIB brane system, though we will return to it shortly to discuss how the supersymmetry gets 
enhanced beyond N = 3. 



-'Note tliat wlien tlie two sets of D3-branes toucli at x^ = 0, tlie two types of 5-3 open strings can join up and form a 5-5 string. 
Tlius if one is in the fundamental of U(«) tlien the other is in the anti-fundamental. 
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4.1.2. From branes to the ABJM geometry 

The above brane construction can be related to M-theory and M2-branes through a series of duality 
transformations. We first map to type IIA string theory by T-dualising along x^. The D3-branes are now 
D2-branes along {x'^ , x^,x^]. At the same time the NS5-brane is mapped to a Kaluza-Klein monopole along 
{x^,x'^ ,x^,x^}, where x^ is the compact direction T-dual to x^. On the other hand, the il,k) 5-brane gets 
mapped to a bound state of a Kaluza-Klein monopole along with k units of D6-brane flux. Recall that this 
object lies along {x^, x\x^] and also lies at a fixed angle 9 in the {x^, x^], {x'^, x^], {x^, x^} planes. 

The type IIA Kaluza-Klein monopoles that we have obtained are identical to the geometries which 
we reviewed ai^ound Eq. (1.7.12), the only difference being that now the circle that plays a crucial role in 
constructing the monopole is x^ rather than the M-theory direction. We have seen that they correspond to 
purely gravitational solutions described by the metric [44, 98] 

ds^ = Udx"dxa + U-\d(p + a)"dxaf , (4.1.2) 

where a - {1,1,?)], (p - ^ + In, da&^'U = and daOJt - dyODa = Sabcd'^U, with all the indices raised and 
lowered with the three-dimensional Euclidean metric. ^^ 

As previously explained in Chapter 1, this geometry describes a nontrivial circle fibration over 'M? P 

where the circle shrinks to zero size at the origin. Moreover, requiring the absence of singularities imposes 

an n e Z "Dirac" quantisation condition on the flux of oj. A simple solution is when ?7 is a harmonic 

function with 

U = U^ + ^ (4.1.3) 

2\x\ 

where L'^co is a constant parametrising the size of the circle at infinity (we had earlier just set this to 1 , but 

now it will become relevant), while a*,^ - jqcos&. In the "near core" limit (|.^ -^ 0), U ~ jq\x\ and via a 

coordinate change the geometry can be seen to reduce to a C^/I^q orbifold. 

It is now time to reap the rewards of our efforts by lifting the whole configuration to M-theoiy. By 
going to strong coupling we decompactify the x^^ spatial direction and the D2-branes turn into M2 -branes 
along {x^,x^,x^}. The Kaluza-Klein monopole associated with x^ remains a Kaluza-Klein monopole in 
eleven dimensions. But recall that upon decompactification a pure D6-brane also turns into a Kaluza-Klein 
monopole associated with the M-theory circle, x^^. As a result, the initial (1,^) five-brane in our type IIB 
configuration, which becomes a Kaluza-Klein monopole carrying k units of D6-brane flux after T-duality, 
now becomes a "tilted" Kaluza-Klein monopole in which the circle is a linear combination of x^ and x^". 



^^There is a slight change in notation from Chapter 1 . Here the vector field will be denoted o) rather than A and we will use 
explicit index notation in place of vector notation (e.g. d„ instead of V). 
-'We will also use {\.x\, &, tp] spherical coordinates for R^ in what follows. 
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Therefore, the M-theory system constitutes exclusively of M2-branes extending in M^'^ and prob- 
ing a nontrivial 4-complex-dimensional background given by the superposition of the two Kaluza-Klein 
monopoles. This type of transverse geometry has been investigated in the literature and goes by the name 
of "toric hyper-Kahler," in general preserving six bulk supercharges [127]. 

The metric, which we will shortly write down, is a generalisation of the Kaluza-Klein monopole that 
was written down in (4.1.2) above. In place of the single harmonic function U, we will now require a 
positive-definite 2x2 matrix of harmonic functions Utj obeying 

U''ffl,^d^flaUki^O. (4.1.4) 

where d".. = d/dxa and U^J is the matrix inverse of Utj. This condition can be shown to imply that each 
entry of Uij is harmonic. Con^espondingly there will be a 2 x 2 matrix of vector fields oj"- that are related to 
Uij via a generalisation of the usual relation between a vector field and a harmonic function, 

^0)4-<)<--^"'%)c^^- (4-1-5) 

This relation is required for the metric to be hyper-Kahler. 

Because the Kaluza-Klein monopoles are tilted with respect to each other, the two sets of coordinates 

{x^^^} = ix\x\x^), {4^^) = (A;^;c^;c'^) (4.1.6) 

play complementary roles in the metric. Moreover the metric has two angular coordinates cpi = x^ and 
(p2 = x'°, with period 2n, that label the two Kaluza-Klein circles in the problem and together pai^ametiise a 
2-torus. The modulus of this 2-torus is given by 

Un ^ . Vd^FT/ 
T = + 1 . (4.1.7) 

With these preliminaries in place, the metric for the geometry under consideration can now be written 
as 

ds'^ - Uij dxfdx^J^ + U'J{d(l>i + oj^dxfxd^j + wj^cfxf ) . (4. 1.8) 

Note that Eq. (4.1.5) implies the linear relation d(i)aU jk - d(j)aUik = 0. Since the equations for U and co are 
linear, linear superpositions of simple solutions are also solutions to the supergravity equations, a feature 
that we will put to use below. 

It is important to note that the modular pai^ameter t is acted upon by a set of SL(2, R) fractional linear 

transformations which leave the torus invariant. Through Eq. (4.1.7) these induce a set of transformations 
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on U, where U ^ G'^UG with G € SL(2,M). It turns out that a G e SL(2,Z) subgroup of the latter is a 
symmetry, generating new solutions of the eleven-dimensional supergravity equations [127]. In fact, a more 
general transformation of U with G e GL(2, Z) is if/// a symmetry of the theory, although this now leads to 
a change in the asymptotic shape of the toms. 

This knowledge can be put to work by allowing us to explicitly write down and study the geometry 
in which we are interested. The Kaluza-Klein monopole associated with the x^^ direction can easily be 
embedded in this eight-dimensional framework by choosing 



Ui = U^ + 
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(4.1.9) 



It is a nice regular geometry (we have set q of Eq. (4.1.3) to one). The other monopole, corresponding to 
what used to be the {l,k) fivebrane in the IIB picture, is given by [98] 



U'2 = U'^ + 
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(4.1.10) 



This is also a simple geometry. To see this, apply a GL(2, Z) transformation that acts as U2 — > G^U2G, 
while simultaneously taking x'-'^ — > G'jx'-^"' and 0,- -^ 4>j G^i to keep the hne element invariant, with 
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(4.1.11) 



Under this, Eq. (4.1.10) is equivalent to 

U2 = Uoo + 
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(4.1.12) 



with new angles {cp'^, cfi'^} - {cpi - ^2lk,cl)2lk} and modified periodicity [-2n/k,2n/k} respectively. The fact 
that Uco + 1 and that the periodicity of the circles parametrising the torus has changed is a result of the 
GL(2, Z) transformation, which as we have mentioned above does not preserve the torus. 

The final step is to combine (4.1.9) and (4.1.10) by linear superposition, such that the solution is given 
by L'^ = L'^oo + diag(/ii,/i2), with hy^ = jlx^^^'^^^]"^ . The nonzero elements of oj are then (oj^ ji,<ii^0 22) ~ 
^(cosi?i,cos??2) and the periodicity of the (p' angles is {-2n/k,2n/k] as already discussed. In the limit 
where both x^^^ and x^^^ become simultaneously small (the regime where the two Kaluza-Klein monopoles 
"intersect" and we are near both cores) we can neglect the contribution from Uco to obtain the "near-core" 
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ds^ = J] (^^-^^ • ^^^'^ + 2|x® I (#: + ^ cos &i difif) . (4. 1. 13) 

Writing {dx^'^f = J|x®p + |f (')p(Ji?2 + ^^^^ Mip]), and through the change of variables \x^ = ^rj, we 

aixive at 

1 r^ 

ds^ = Y_^ (drj + rf(#; + - cos &idipif + -j-{d&] + sin^ d-t d(pf)) . (4. 1. 14) 

1=1,2 

Because of the {-In Ik, 2n/k} identifications on the ^'. 's, this looks like two copies of M'^/Z^; for a parametri- 
sation in terms of spherical coordinates, where the orbifold acts on the three-sphere and S^/Z^ is realised 
as the Hopf fibration S^/Zk^ S^/Zk ^S^. 

Alternatively, we can make a final change of coordinates 



zi=ncos^e-'^i-5^' 


z^ ^ r2Cos'^e"^2^'2n 


2 


,^ = r, sin %<'^2~i^^ 
2 



(4.1.15) 

z z 

to obtain 

4 

ds^ = Yj\dz^f. (4.1.16) 

A=l 

We see that the identifications {^'p ^2! ~ {01.02' "*" ("^/r/^, 2;:/^) can be simply expressed as z^ ~ e^^'^'^z^ 
and we have arrived at a C^/Zj orbifold of M-theory. 



Thus, to summarise this section, our base system defined by a brane construction is dual to M2-branes 
transverse to a C^/Zjt orbifold geometry. This orbifold has been studied previously in Refs. [128] and [129] 
and was discussed in the context of M2-branes in Ref. [119]. For general fc > 3 it is known to preserve 
N = 6 supersymmetry in the bulk. This can be demonstrated using the following argument: The element 
of Spin(l, 10) corresponding to the Z^ rotations is 

and the preserved supersymmetries must be left invariant by the action of this group element. For generic k 
this implies 

(r34 + Fse + r78 + r9io)e - . (4. 1. 18) 

One way to solve this is to take r34566 = r789ioe = e and another way is r34786 = Fsegio^ = e. In both 
cases there are 8 components of e that survive. Naively this gives us 8 + 8 = 16 preserved supersymmetries. 
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However we have counted twice the supersymmetries that satisfy both conditions i.e. r3456e = Fvggioe = 
r3478e = r569iof - e. There are 4 of these and thus we find 12 independent supersymmetries. Note 
that these projectors imply Foiie = f and therefore placing M2-branes at the fixed-point of the orbifold 
does not break any more supersymmetry, as expected by the brane construction. Thus the conesponding 
worldvolume theory should have N = 6 supersymmetry, which is what we have already found. Of course 
the ^ = 1,2 cases are special. For k = I there is no orbifold and for /: = 2 the orbifold is simply C^/Z2. 
Hence in these cases the background preserves 32 and 16 supersymmetries respectively. 

4.1.3. From branes to the ABJM gauge theory 

Having established the connection to M2-branes, let us now return to the gauge theory discussion. Even 
though at the end of Section 4.1.1 we recovered a theory with two Chern-Simons tenns with equal but 
opposite levels, we still have the presence of Yang-Mills kinetic terms. This is addressed by taking the limit 
in which we decouple gravity from the brane worldvolume {a' ^0) and then looking at the theory for very 
low energies. Since in three-dimensions the standard Yang-Mills kinetic term is an IR-irrelevant operator,^" 
it drops out in this limit. One then arrives at a conformal Chern-Simons-matter gauge theory. 

On general grounds the lagrangian of this theory must be captured by Eqs. (3.2.15)-(3.2.18) for some 
choice of structure constants f'^'^cd- As we have already seen, it is possible to re-express the N - 6 3- 
algebra results of Section 3.2 in terms of a product Lie-algebra with bi-fundamental matter, by considering 
a triple-product [Z^,Z^;Zc] = -{2nlk){Z^ZcZ^ - Z^ZqZ^). This re-expresses the twisted Chern-Simons 
term as a difference of two Chern-Simons terms with the same level and gauge group U(«) X U(«). Thus 
finally we have constructed the ABJM [98] theory 

L = -Tr(Z>^ZA,D^Z^)- /Tr(«A^, /D^«Aa)-V + Xcs 

+^Tr(4f^if,AZBZ'^ - i/^Z'^ZsM - -^Trii^ilyBZAZ'' - ^Z^Za^b) (4. 1. 19) 

/ 77"/ / JTl _ 

-—SABCDTT{if^Z^il,''z'') + —e^''^''TriilfAZcif^BZD) , 
k k 

where the sextic scalar potential is 

V = iTr(4Z^Z,Z»ZcZ% - 4Z-Z„Z%Z»Zc - Z^Z.Z'Z.Z^Zc - Z.Z-Z.Z»ZcZ-) . (4.1.20) 
The complex scalars Z^ and fermions ipA transfomi in the bi-fundamental of the two gauge groups and also 



"Three-dimensional Yang-Mills is weakly coupled in the UV and strongly coupled in the IR. 
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carry an R-symmetry index A = 1, ..., 4. The covariant derivatives act accordingly^^ 



D^Z^ - d^Z^ - iAfiZ"^ + iZ'^Af^ . (4. 1.21) 

Finally, the piece 

/ / o o \ 

-Ccs - 4^e^"' I Tr(A^5,A^ - -/A^A^A^^) - Tr(A^5,A^ - -/A^Af A^)j , (4. 1 .22) 

encodes the Chern-Simons terms for the U(«) x U(n) gauge fields. Note that the Chem-Simons level k plays 
the role of a (discrete) couphng constant in this theory. 

We also collect the set of supersymmetry transformations that leave the above action invariant 

6Z^ = /e^^^B, 

Si/fB = yeABD^Z^ + -^{Z^ZbZ" - Z^ZBZ'=)ecD - -^{Z^ZcZ^ - Z^ZcZ^)eAB 

k k 

2n - 

SAJ; = -- -(f^^y^zV - e^V-AAZfi) 

In - 

M^ = -—(eAB7^if^Z''-i^%ZBi^A). (4.1.23) 

4.2. The ABJM proposal for AdS^/CFT^ 

We are finally in a position to see how the brane construction naturally leads to the formulation of an 
AdS/CFT duality [130, 131] as proposed by ABJM [98]. The superconformal \]{n) x \]{n) CS-matter gauge 
theory with N = 6 supersymmetry has a (discrete) gauge coupling g = l/k. This theory is weakly coupled 
for large k. For large n, it also admits an 't Hooft expansion in powers of l/n^. The planar diagrams have 
an effective 't Hooft coupling A = gn = n/k, which can be kept small when k :s> n. The claim is that, as in 
the correspondence between N = 4 SYM and string theory on AdSs x S^, the ABJM theory is dual to the 
geometry arising from the neai^-horizon limit of n M2-branes on a C^/Z^ orbifold singularity, which will 
turn out to be AdS4 x 5^/Z^. The CS level k is identified with the rank of the Z^ orbifold. 

In order to see how this comes about, let us look at the near-horizon geometry of M2-branes on C^/Z^, 
which we derived in a previous section, in more detail. Let us start with k = I, i.e. no orbifold. The near- 
horizon limit for the geometry generated by n M2's in C^ gives rise to AdS4 x 5^ in the presence of n units 
of 4-form flux [130, 131]. As originally pointed out in Ref. [132], it is convenient to think of 5' as a Hopf 
fibration: a fibre bundle whose one-dimensional fibre is a circle, S^, and whose base is the 3-complex- 
dimensional manifold CP^. This is denoted in the mathematics literature as 5^ "-^ S'^ -^ €P^. Reducing 



^'Note that, in contrast to our notation in Chapter 3, we will work in "physics" conventions with hermitian generators when 
dealing with CS-matter actions in the Lie algebra formulation. 
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M-theory along the fibre, one recovers type IIA string tiieory compactified on AdS4 x €P^. Notice tliat tlie 
fibration defines a specific direction within 5 ' to be the M-direction along which we compactify. 

Interestingly, even though the M-theory description is maximally supersymmetric, this is not what the 
IIA description sees. Following the recipe of Kaluza and Klein, zero modes cannot carry any momentum in 
the S ' direction - in other words, they must be invariant under this U(l). Since the circle fibration is realised 
in a nontrivial manner, only some of the supercharges are invariant, and as a result the IIA theory ends up 
with N = 6 or N = supersymmetry, depending on the orientation of the S"^ [132] (see also [128, 133]). 
Here we will choose the N = 6 orientation, in order to match with the gauge theory result. 

Now we can implement the orbifold action z^ — > e^^'I'^z^ on the above construction. It reduces the 
S'' factor in the near-horizon geometry to S'^ /Z^. This action commutes with, and therefore preserves, an 
SU(4) X U(l) subgroup of the S0(8) isometry group of 5^. The U(l) subgroup acts as a common phase 
on all the z^, while under SU(4) the z^ transform in the fundamental representation. As one would expect, 
SU(4) X U(l) is precisely the isometry group of 5^/Z^ for generic k. In terms of the Hopf fibration, Z^ acts 
only on the S ' fibre, reducing it to S^/Zk which is simply a circle k times smaller in circumference than 
the original one. The U(l) factor of the isometry group acts as a shift along the S^ fibre leaving the base 
unaffected, while the SU(4) factor acts purely on the CP^ base.^^ 

To summarise, the gravity dual to the Chem-Simons-matter theory at level k is AdS4 x S'^/Z^, with 
5 V^/t "-^ S'^ /Zk -^ CP^. This also suggests the existence of a pai^ameter regime involving lai^ge k, in 
which the gravity description should more appropriately be thought of in terms of IIA supergravity. Since 
the original spacetime preserved 16 supercharges, while the orbifold for generic k preserves only 12, this 
is in line with usual AdS/CFT intuition which dictates that performing a quotient on the compact part of 
the geometry will lead to reduced supersymmetry. The supercharges preserved by the orbifold action are 
neutral under the U(l) and hence for ^ > 2 the IIA and M-theory descriptions now both have the same 
amount of supersymmetry. 

The metric of the near-horizon M-theory geometry has the form 

ds^ = — ^4dS4 + ^^"^^yz, (4.2.1) 



with 



„2 _ ^ rjj. . K, a2 , j„2 



•^^'/Z, = p^^'f' + ^^'^ + ^'^GPS ' ("^-^-^^ 



where ^ has period 2n, R = (2^n^kn)6 is the radius of the sphere in Planck units, and we also have kn units 
of 4-form flux. The 1-form co is related to the Kahler 2-form J of GP^ by doj - J. The Fubini-Study CP^ 



^The isometry group of CP" is SU(« + 1). 
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metric and associated Kahler form are given in homogeneous coordinates by 

1 



„2 _ 1 ,. |2, 



ds^pi = — (Izl dzidzi - ZiZjdzidzj) 



' ~ ^■^(^)^^(m)' ^^-'-^^ 



with \zr = ZiZi- 



The IIA geometry is closely related to the above via the usual reduction fomiulae. The string frame 
metric and dilaton are given in string units by 



^20. 



k U 
R^ 1 /Mxf 

= w~M • '^"' 

with n units of four-form flux on AdS4 and k units of two-form flux on a CP^ c CP^. 

Having established the geometry, let us see in which paiameter regime each of the descriptions is valid. 
The most conservative statement of AdS/CFT would be that the planar sector of the large-n ABJM theoiy 
should be dual to supergravity on AdS4 x S^/Z,t. In principle, we expect the supergravity description to 
be good when the 't Hooft coupling is large, /I » I, or k ^ n. But when is the IIA description more 
appropriate than the M-theoiy one? For that one needs to have that the size of the circle in (4.2.1) be small, 
i.e. R ~ {kn)6 <^ k or k^ :s> n. Hence, in the strong 't Hooft coupling regime there are two supergravity 
descriptions of the theory depending on whether k^ :s> n (IIA) or k^ ^ n (lid SUGRA). This establishes 
all the theories involved in the conjecture and their respective regimes of validity. 

The AdS4/CFT3 duality proposal has passed a great number of nontrivial of tests. For example, the 
spectmm of supergravity fields is in complete agreement with the specti'um of chiral primary operators 
from the gauge theory side [134]. This crucially requires the inclusion of monopole operators, which are 
to be discussed in detail in Section 6.1.1, after identifying the U(l) of the circle direction with U(1)b of 
the gauge theory, (3.3.13). Moreover, at large n the full superconformal index of the N = 6 theory exactly 
agrees with the index over supersymmetric gravitons in AdS4xS^/Zjt [135, 136]. Details of the various tests 
and successes of the AdS4/CFT3 correspondence, as well as a discussions of properties like integrability, 
ai^e beyond the scope of this work and the interested reader may wish to consult the reviews [137-139] and 
references therein. 

In summary, the planar sector of the ABJM theory (valid for n <^k, when the theory is weakly coupled) 
is dual to type IIA supergravity on AdS4 X CP^ (valid for ^ «; n «; k^) or eleven-dimensional supergravity 
on AdS4 X 5 V^/t (vahd for n » k^). 
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It is worth remarking that the ABJM theory reproduces the expected scaling for the number of degrees 
of freedom for n M2-branes: When the gauge theory is put on a thermal circle, the dual description is in 
terms of an AdS -black-hole geometry. The free energy of this black hole was estimated to scale as n^ [140] 
and this is easily extended to the Z^ orbifold case, for which it has been ai^gued in Ref. [98] that the scaling 
with n, k is ~ n2 ^fk. This formula nicely reconciles the «2 scaling at fixed k (in particular ^ = 1) that was 
predicted long ago in [140], and the n^ scaling for the free energy of a large-n gauge theory at fixed 't Hooft 
coupling n/k which requires that k scale like n. 

These results are expected to be recovered by the statistical entropy of the massless modes on the 
worldvolume theory. Recent results on localisation [141] have allowed for this to be explicitly verified - 
albeit for the free energy of the Euchdeanised ABJM model [ 142, 143] on S ^ (rather than S'^xS^). This can 
be reduced to a matrix model that has a strong coupling expansion, the leading term of which beautifully 
reproduces both the «5 scaling behaviour at fixed k and the numerical coefficient of the gravity calculation 
[144]. For more details of this fascinating direction, the reader may consult Ref. [145]. Other multiple 
M2-brane and ABJM -related literature includes [146-152]. 

4.3. ABJ and discrete torsion 

There exists a generalisation, due to Aharony, Bergman and JafFeris (ABJ) [153], of the ABJM model 
to the case where the matter fields are m x n complex matrices in the bi-fundamental of U(m) x \J{n). In this 
case A^ and A^ are U(m) and U(«) gauge fields. The form of the action is unchanged from the U(7i) x U(«) 
case.^^ Let us assume without loss of generality that n < m and write m - n + l. Indeed, the action follows 
directly from the N = 6 3-algebra theory. 

To understand these theories we return to the brane construction given above. We can easily generalise it 
to the case where the initial D3 segments involve difi'erent numbers of branes n and m, leading to U(m)xU(?i) 
Chem-Simons-matter theories which describe M-theory configurations with 1 = m - n units of discrete 
torsion for the background 4-form. For m = n + I this has the interpretation of n M2-branes along with / 
fractional M2's stuck on the C^/Z^ orbifold singularity. Starting from the same U(m) x \Jin) configuration 
one can also place an 03 orientifold plane parallel to the D3's, resulting in 0(2m) x Sp(«) and 0(2/m -h 1) x 
Sp(n) theories corresponding to M2-branes on a C^/ID)^ singularity, where n^ is the binary dihedral group 
of order 4)t [153-155]. 

Since the discrete torsion / is only defined modulo k, we see that for these models to match the super- 
gravity we must make two conjectures:^'* 



^^^Indeed, one can also consider the ABJM model with SU(/;) x SU(;i) gauge groups. The coupling to bi-fundamental matter 
makes this a rather different theory with no generic spacetime interpretation. However, we will see in Section 5.3 that for n = 2 
these models are simply the A/' = 8 theories and in some cases are dual to the M2-brane gauge theories. 

^"'Here the subscripts refer to the level of the corresponding Chem-Simons term in the lagrangian. 
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• \J{n + l)k X U(n)_jt has no supersymmetric vacuum if / > ^ 
and 

• U(« + l)k X U(«)-Ar is dual to \J(n)k X U(« + ^ - /)-/t ■ 

Note that botli these conjectures are at strong coupling since m/k = (n + l)/k cannot be made small for the 
models under consideration. We should also mention that in these models, the parity symmetry is typically 
broken as it maps k «-> -k. 

In the rest of this review, we will largely just concentrate on the ABJM models. However almost all of 
our discussion also applies to the ABJ models. But there are also interesting and subtle effects that arise in 
the ABJ models {e.g. see [156-161]). 
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5. Analysis of the theory I: basics 

We have argued that the ABJM theory encodes the dynamics of muhiple M2-branes probing a C^/Zjt 
singularity. We proceed to find gauge-theoretic evidence for this by analysing the vacuum moduli space of 
the theory. We next look at the theory expanded around a particular point in the moduli space, obtained by 
allowing one of the scalars to develop a large vacuum expectation value. This will lead, via a novel Higgs 
mechanism, to the theory being recast in terms of three-dimensional super Yang-Mills after the scalar gets 
eaten by the Chern-Simons gauge field. At the end of this chapter we clarify the relationship between the 
N ^6 ABJM and // - 8 BLG theories. 

5.7. Vacuum moduli space 

The vacuum moduli space of a gauge theory is the space of vacua of the theory modulo gauge trans- 
formations. For D-branes in string theory, this is the space of vacua of supersymmetiic Yang-Mills the- 
ory in the appropriate space-time dimension. Consider for example the theory on n D3-branes, which is 
N - A supersymmetric Yang-Mills theory in 3 -i- Id with gauge group \]{n). This theory has six scalar- fields 
$', / = 1, • • • , 6, all in the adjoint representation. The classical potential is -Tr[0', O^]^ and is minimised 
by having all the scalars be diagonal matrices 

0' = diag(4,4,---x^). (5.1.1) 

Therefore the moduli space is naively (M^)", but we must remember that the Weyl group S„ of U(«) permutes 
the eigenvalues. Quotienting by it, one finds the moduli space of D3-branes in flat space-time to be 

(MV/S„ ^ Sym„(M'^) . (5.1.2) 

This has a simple physical interpretation as the space of n indistinguishable D3-branes, each one free to 
move in 6 transverse spatial dimensions. Because of the high degree of supersymmetry, this space does not 
receive quantum corrections. 

One would like to understand the corresponding vacuum moduli space in the ABJM theory, which 
would provide a crucial test of the claim that it describes M2-branes. As we have seen, the structure of 
ABJM field theory is quite diff'erent from Yang-Mills, and moreover there is an additional ingredient: a Z/; 
orbifold. Therefore the moduli space needs to be computed and compared with that of n indistinguishable 
M2-branes on the transverse space C^/Z^. 

The vacuum moduli space was initially studied for BLG theory in [95, 118, 119] and these methods 
were then applied in [98] to study ABJM theory. We review these developments below, in this order. 
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5.1.1. Moduli space for BLG theory 

We start by reviewing the results of Refs. [118, 119] on the moduli space of the N = S theories. 
Subsequent to these works, it was realised [104] that there are actually two infinite families of such theories. 
Both have k eZ but one has gauge group SU(2)xSU(2) while the other has gauge group (SU(2)xSU(2))/Z2. 
Here we wish to consider both, as they share the same su(2) ® su(2) lagrangian, so we present an updated 
version of the original analysis. 

From the BLG sextic potential it is easy to see that the vacuum moduli space consists of 8 real scalars 
that are diagonal 2x2 matrices. We combine them into four complex scalars Z^ and write them as 

Z^ = dmgi4,4). (5.1.3) 

Gauge transformations take Z^ — > giZ^g^^. There are two such transformations that keep Z'^ diagonal. The 
first is a discrete transformation, which up to conjugacy may be taken to be gt = gR = ici- This identifies 
the configurations 

gu- diag(zf,z^) - diag(4,zf) (5.1.4) 

and results in a Z2 quotient of the moduli space. 

The second is a continuous U(l) gauge symmetry, with gi = gj^ = e^-^'^"'^ . For fields in the moduli 
space, the su(2) X su(2) lagrangian reduces to 



k_ 

2^' 



£ = -D^z^lTziA - D^z^D^ziA + —^"'B^d.QA , (5.1.5) 



where B^ = A^^ - A^^ gauges the U(l) symmetry, Q^ = A^^ + A^^, and D^z^^ = <5^zf 2 + ^^n^^j- ^""^^ "^^^ 
factor of 2 in the Chem-Simons term that arises from taking the trace over 2x2 matrices. 



At this point we eliminate Q^ in favour of its field strength //^y - d^Qy - dyQ^. We then treat H^ 
an indepe 
multiplier cr 



as an independent field, subject to the Bianchi identity ^'^'^duHyx = 0, which we impose via the Lagrange 



flV — '-'filc^V '^V^^fl- '""^ LIU.^11 Lil^cil l-lfjv 



£ - -D^z^lTziA - Df,4iy'z2A + ^s^^'B^Hy,, + i-g^^V^^//,, . (5.1.6) 

Integrating out Hyji leads to the identification B^ - d^o-jk. The Lagrange multiplier cr can now be absorbed 
in the z^ by the redefinition 



w 



f = e^'^l'^z^ , wi = e-'^'^z^ , (5.1.7) 
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yielding the lagrangian 

X - -d^w^&'wiA - d^W^d^W2A . (5.1.8) 

T IR 

We will now show that the field a is periodic. This arises from the fact that the fluxes of F^y , the field 
strengths of A^ , satisfy the Dirac quantisation condition. To see this, consider some field *P that couples 
to a U(l) field A^ through D^^ = d^^ - iA^^. Let us now carry out parallel transport of 4' over a closed 
path y. The resulting field ^Py is related to the initial one ^o by a U(l) transformation 

^y = e'i Vo . (5.1.9) 

Now using Stokes' theorem we have / ^ = C, ^ where D is a two-dimensional surface whose boundary is 
y. Hence we may write 

»P^ = e'7D^»Po- (5.1.10) 

However the choice of D is not unique. Given any two such choices D and D' we require that the phase, 
viewed as an element of the gauge group U(l), is the same. This implies that 

e'L-D'^ = l (5.1.11) 

and hence Lf^ InTL, where E = D - D' is any closed surface. 
Applying this to the field H, we have the quantisation condition 



47rJs 



//eZ, (5.1.12) 



where the extra factor of 2 comes from the fact that H is the sum of two independent field strengths. This 
holds in the SU(2) X SU(2) case, while in the (SU(2) x SU(2))/Z2 case the phase above must be equal to 1 
only up to a Z2 action so the right hand side can be a half-integer or integer, which we denote by ^Z. 

Converting the integral of H over a surface into an integral of dH (in components, l^s^^^^dyflyx) over the 
entire 3-volume,^^ we find in the SU(2) x SU(2) case that 



^/^^^5,//.. 



€2Z, (5.1.13) 



^For this manipulation it is best to temporarily continue to Euclidean 3-space. 
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whereas for (SU(2) x SU(2))/Z2 we have 



4;r J 



e^''%HyA € Z . (5.1.14) 



From the lagrangian Eq. (5.1.6) it follows that cr must have the periodicity cr ~ cr + n ior SU(2) x SU(2) 
and o- ~ o- + 27T for (SU(2) x SU(2))/Z2. 

The result is the identification 

_jz'^ = e""h^ zj = e-'^'l^z^ SU(2) x SU(2) 

^SU(2) - I ^A ^ ^Inilk^A ^A ^ ^~2.ilk^A (SU(2) X SU(2))/Z2 ' ^^'^'^^^ 

which corresponds to a 'L2k or 1,k quotient of the moduli space respectively. 

The identifications g\2 from (5.1.4) and gsu(2) above do not commute; they generate the dihedral group^^ 
©4^ for SU(2) X SU(2) or ©2^ for (SU(2) x SU(2))/Z2. It follows that the moduU spaces of the two theories 
are: 

(C4xC4)/B4i. for SU(2)xSU(2) 

(C'^xC'*)/D2yt for (SU(2) X SU(2))/Z2. (5.1.16) 

In general, these moduli spaces do not have an obvious space-time interpretation in terms of M2-branes. 
However, we will see in Section 5.3.2 that such an interpretation can indeed be provided for the special 
values ^=1,2 and 4. 

5.1.2. Moduli space for ABJM theory 

We now move on to consider the vacuum moduli space of ABJM theory. Here we must consider the 
minima of the potential Eq. (3.2.16). Because the potential is a perfect square, the scalars must satisfy 
Y^° = 0. Contracting over B and D implies that \7P,Z^\Zu\ = and substituting back into T^^ = 
shows that [Z^, Z^; Zb] = or 

Z'^ZbZ'^ - Z^ZbZ^ = , (5.1.17) 

for all B, C, D. Cleaiiy this is solved if all the Z^ commute. Hence by a gauge transformation we can assume 
that 

Z^-diag(zf,...,z^). (5.1.18) 



'The dihedral group of order 2m is given by D2„, = Zt k ! 
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To see that this is the generic solution one can compute the mass matrix for the off-diagonal components 
and see that it is positive definite for generic vacua. However, as is familiar from D-brane theories, there are 
special points in the moduli space with enhanced gauge symmetry and extra massless states. 

We must now quotient by the sui"viving gauge symmetries. In addition, unlike the case of D-branes, the 
vacuum is also invariant under continuous transformations generated by the U(l)" Cartan subalgebra. These 
gauge transformations are trivial in the adjoint representation but not in the bi-fundamental representation. 
In particular, each zf couples to a U(l) gauge field B' = Aj;;' - A^' obtained from the diagonal components 
of the gauge fields: 

Af; - diag(A^\ ...,A^"), A^ - diag(Af , ..., Af ) . (5.1.19) 

The lagrangian for the vacuum moduli becomes 

^ = -\t. ^f'^'^'A + ^^'' Z ^^^•'2!, (5.1.20) 

1=1 1=1 

where Q' = A^ + A^ and O^z^ = 5^zf - '^L^f (no sum on /). Note that the last term of the lagrangian 
above has an extra factor of ^ compared to the analogous term in BLG theory. 

Now, just as we did for that case, we introduce 2-forms //; and Lagrange multipliers o", which imply the 
Bianchi identities dH\ = 0, from which locally //, can be written as dQi for a set of 1 -forms Qi. Then the 
above lagrangian is equivalent to 



In this lagrangian, the //, are independent fields. We can integrate them out, after performing an inte- 
gration by parts in the last term, to find B,- = dcTi/k. Finally, cr,- can be eliminated by defining the fields 
w4 = e~'"''^'^z^ whereupon the action becomes 

■C = -\Y,^^.wfifw\, (5.1.22) 

i 

Under the gauge transformation B; -^ Bj + dQi, zf — > e'^'zf we have cr, -^ ctj + kOi. Thus wf are gauge 
invariant coordinates on the moduli space. 

As before, the field H satisfies the condition 

^s^'''' Jd^Hiy^eZ, (5.1.23) 
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where the integral is over 3-space. It follows that in the lagrangian Eq. (5.1.21), the contribution of the last 
term to the path integral is periodic under shifts of cri by 2nn for any integer n, or in other words we must 
identify tr,- ~ ctj + In. 

Returning to our gauge invariant variables w^ we see that they are subject to the identification 

wf = e^'""'wf. (5.1.24) 

Each w' parametrises not C^ but rather the orbifold space C^/Z^. The collection of all the n w"s then naively 
parametrises the product space (C^/I^k) ■ However at this point we again recall that we must quotient by 
the Weyl group, which is the symmetric group §„ and permutes the n copies in the product. As a result the 
moduli space of ABJM theory is 

Mk = (cV^kf /§„ ^ Sym„ (c'/^k) • (5. 1.25) 

This has precisely the right form to be physically interpreted as the moduli space of n indistinguishable 
M2-branes moving in a C^/Z^- transverse space. 

5.2. A novel Higgs mechanism 

Let us re-examine the BLG theory, namely the AT = 8, su(2) ® su(2) theory of Section 3.1. While we 
have not yet provided a definitive physical interpretation for it, it will be argued in Section 5.3.2 that for the 
special values k - 1, 2, 4 it describes a pair of M2-branes in M^ or M^/Z2. We now show [162] that upon 
giving a VEV to a scalar, it can be rewritten as maximally supersymmetric U(2) Yang-Mills theory in 2-i-ld 
with infinitely many corrections. In the process the pair of non-propagating Chem-Simons fields of BLG 
theory "eat up" a scalar and give rise to a single massless propagating vector field. Thus on the Coulomb 
branch, BLG theory has a propagating Yang-Mills field. This provides a key relation between its 3-algebra 
structure and the more familiar Lie algebra structure of Yang-Mills theories. The above considerations will 
then be extended to the ABJM case, where some new features arise. The novel Higgs mechanism provides 
a useful check of these theories and tests detailed features including the somewhat baroque Chern-Simons 
structure. 

5.2.1. A simplified version 

We first present a simple example of the novel Higgs mechanism that does not involve supersymmetry 
or 3-algebras. It is a property of a certain class of Chem-Simons theories in 2-i-ld, particularly those with 
diff^erence-type actions. 
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Consider the S\J{N)k x S\J{N)-^k Chem-Simons theory 

Lcs ^ —Tr{A A dA + ^A A A A A - A A dA - lA A A A A) , (5.2.1) 

where A = A"T" and TrJ^T^ = -jS"^. We would like to induce a particular type of mass matrix via the 
Higgs mechanism. Such a term arises by choosing a Higgs field O in the bi-fundamental representation, for 
example the (A'^, N) of SU(A'^) x SU(A'^), which transforms as 

(50 = -Ad) + (DA . (5.2.2) 

The covariant derivative on the Higgs field is then 

D^(D-5^cD + A^cl.-(DA^. (5.2.3) 

For convenience we normalise the scalar kinetic term as 

k 

— Tr(D„0'''D^O) (5.2.4) 

An 

where this trace is, formally, unrelated to that in the gauge field action - here it just sums over two pairs 
of repeated indices in the fundamental representation, one pair being associated to each factor of SU(A^) x 
SU(A'^). This kinetic term gives rise to the interaction: 



An 



A^O - OA^ 



(5.2.5) 



With a Higgs VEV proportional to the identity, (0> = v 1, the mass term is equal to 

^v2Tr(A^-A^)^ (5.2.6) 

where now the trace is over the Lie algebra of SU(A'^) after identifying the two factors in SU(A'^) x SU(A'^). 
It is convenient to go to a different basis of gauge fields by taking the linear combinations 

B = {{A- A), C = \{A+A) . (5.2.7) 

In these variables, and with the mass tenn, the lagrangian is 

£ = -Tr (S A F^^'^ + \B aBaB-v^Ba*b) , (5.2.8) 

where F^^^ = dC + C ACis the standard non-abelian field strength for the vector field C^. From this follows 
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the equation of motion for B 

F'-^ + BaB-2v^*B = 0. (5.2.9) 

We see that the field B is algebraic. However, because of the quadratic term, it cannot be eliminated in a 
straightforward fashion. Instead one can solve the above equation recursively, to get: 

B = --^*f (^^ - T^*(S A B) 

^[ ^J" (5.2.10) 

- _*f(C) _*(*f(Q /y *f(Q\ ^ . . . 

The terms in the ellipsis above contain all powers of F'-'^^ and the orders in this expansion are counted by 
the parameter 1/v^. 

We may now insert Eq. (5.2.10) back into the lagrangian of Eq. (5.2.8) to find: 

X . ^ (-- ^F(^) A *F(^> - -Lr^^^ A *F(^) A *F(C) + ■■]. (5.2.11) 

;r\ 4v2 24v6 / 

In this process, a pair of non-propagating Chern-Simons gauge fields have been replaced by a single propa- 
gating, massless Yang-Mills type gauge field. Its single polarisation was gained by "eating" a component of 
the Higgs field. This is the novel Higgs mechanism [162]. The Yang-Mills coupling constant is ^jAnv^ jk. 

Note, however, that there are still higher-order terms in F^^\ Taking v — > oo allows us to ignore them, 
but then the Yang-Mills term becomes very strongly coupled. This can be avoided by simultaneously scaling 
^ — > oo,v — > oo keeping klv^ fixed [119]. In this latter limit the higher-order terms do drop out and the 
Yang-Mills coupling ~ v/ Vk remains finite and can be chosen arbitrarily. 

We now continue to describe the novel Higgs mechanism in BLG and ABJM theories where we will 
encounter both some subtieties - and a nice physical interpretation for the effect. 

5. 2. 2. The Higgs mechanism for BLG theory 
Recall that the BLG lagrangian is 
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where 

The structure constants are given by the 4-index totally anti-symmetric symbol /"^''^ - fg"bcd^ ^^^^ 
a,b,c,d € {1,2,3,4), and with the Chern-Simons coefficient quantised as / = 2n/k, where k e Z. We 
also fix the Chern-Simons level to the value ^ = 1 for the remainder of this section. 

Consider the situation in which one of the transverse dimensions, say X"'^^\ develops a VEV. Because 
of S0(4) invariance it is possible to rotate the scalar field that gets a VEV to have only the component 
^4(8) jj^us tj^e fQuj- indices split into a € {1, 2, 3) plus 4, and this amounts to considering (X^^^^) = v. Note 
that (X^^^^) preserves supersymmetry as long as no other field has a VEV To see this, consider the fermion 
supervariation (3.1.16). The first temi on the RHS is zero because the scalar VEV is constant while the 
gauge field VEV is zero. The second term vanishes because X^^^^ can occur at most once and the other 
two scalar fields have vanishing VEV. Therefore the theory expanded about this scalar VEV has maximal 
supersymmetry. 

Now let us examine the various terms in the lagrangian and show how they reproduce the desired U(2) 
SYM theory. To begin with, consider the sextic potential. Introduce the labels A,B,C e {1,2, 3) as well as 
i,j,k€ { 1, 2, ..., 7). Then the potential is 



^(^) = 1^ Z {^.>,c,ejx"'x>^'x^''r'xf'x^'') 

LIK=\ 

= \j^ (satasjx-^x^^ix^^'^r'xfix^^'^) 

i<j 

+ 2 Z (^ahcds^.f;'x-'x'Jr'r'xfJx^') 
i<j<k 



In the last line we have inserted the VEV (X^'-^^) = v, which leads to a term quartic in the remaining X's. 
Note that in this term, only X"^' appear where A e {1,2,3} and / e {1,2, ...,7}. The teiTns of order vO{X^) and 
0{X^) have not been written explicitly because they decouple in the hmit v — > oo, which we will eventually 
take. 

Using SABD4 = £abd where the latter is the 3-index totally anti-symmetric symbol and structure constant 
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of an su(2) Lie algebra, we see that the quartic term becomes 

1 7 

^v^y\ (fiABC^A^'^^^'^'^'X^^) , (5.2.13) 

which is precisely the quartic scalar interaction of maximally supersymmetric SU(2) Yang-Mills theory in 
2+ld. 

Following the same procedure, it is easy to check that the 2-fermion, 2-scalar coupling reduces to the 
Yukawa coupling of 2+ Id Yang-Mills, plus terms with two fermions and two scalars 

'-Sabcd'i'''T"X''X'"^>" = '-V eAfic*''r,xC'T^ + O (x^H'^) . (5.2. 14) 

We see that the only scalars and fermions appearing in the first term (which will be the leading term in the 
hmit of large VEV) are ^^ and X^'. 

Since kinetic terms ai^e unaffected by a scalar- VEV, it only remains to understand the gauge field terms 
including couplings of gauge fields through covariant derivatives. On the face of it this should be the major 
stumbhng block, for the gauge field in the 3-algebra theory only has Chern-Simons couplings while the 
D2-brane Yang-Mills theory requires a dynamical gauge field. As we are committed to make no additional 
assumptions to account for the dynamical gauge field, we simply work out the full content of the theory 
in the presence of the VEV of the scalar field X'^''^\ As before, we will see that the Higgs mechanism and 
the original Chem-Simons coupling conspire to provide the desired dynamical gauge field with all the right 
properties. 



In view of our split of indices a,b e {1, 2, 3, 4) into A,B e {1, 2, 3} and 4, it is natural to break up the 
gauge field A"^ into two parts 

A/4.A/ and I^^a/^ . s/ . (5.2.15) 

Each of these is a triplet of vector fields. We can now re-write the two terms in the Chem-Simons action as 
follows 






(5.2.16) 
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We also need to consider the couplings arising from the covariant derivative on X^^'\ We have 

^ (5.2.17) 

= d,X^' + 2 4c^/X^' + 2 B^X'^'^ 



and 



Df,X^' = df,X^' - 2Bf,AX^' . (5.2. 1 8) 



Inserting these in the lagrangian (but ignoring fermions) and using the VEV (X^*^^^) = v, we find the foUow- 



ing terms involving B^f 



Xkinetic - -2v2b/B^ - 2B/X4^D'^4 - IvB^^D'i^xf 

-IB^X^'B^jPi^' - IB^^B^^X^'X^i + l^^X^'d^X^' + ... , 



(5.2.19) 



where we have defined a new covariant derivative which depends only on A^ 

D'^X^' = df,X^' - Is^j^c^^X^' . (5.2.20) 

Notice that the first term looks like a mass for B^, as might be expected from the Higgs mechanism, but we 
will see in a moment that B^ is not in the spectrum of the theory. 

The terms involving B^ that come from the gauge field self-couplings are 

Xcs = 2 e^"'' 5/f;^ - ^ e^"-^ sabcB^B.^B^ + ... , (5.2.21) 

where we have also defined 

^v1 = dyAJ - d^A^ - le^BC^vA'i . (5.2.22) 

Thus B^ is an auxiliary field appearing without derivatives. It can therefore be eliminated via its equation 
of motion. We can extract the leading part of such solution by temporarily neglecting the quadratic term in 
B^ coming from the cubic self-interaction as well as terms coming from higher interactions with scalars. 
Later we will show that these would have led to higher-order contributions that are suppressed in the strong- 
coupling limit. We therefore consider the set of couplings 

X - -2v^B/5^ - IvB^D'f'xf + 2 e^^'' B/F ;^^ + higher order (5.2.23) 

and find that 

B/ = ^e;' f :^ - ^D;X^(«) . (5.2.24) 

93 



Thus one of our gauge fields, B^, has been set equal to the field strength of the other gauge field A j* 
(plus other terms). Eliminating B^ gives rise to a standard Yang-Mills kinetic term for A^ ! This is the 
miracle that promotes the Chern-Simons gauge field A /^ into a dynamical gauge field. 

Continuing with the computation, the sum of the Chern-Simons gauge field action and the scalar- co- 
variant kinetic terms becomes (up to a total derivative) 



V 

The redefinition 

leads to 

and 



-Jp'i^vp'r - \d^X'^^&'X\ - ^D^X^'Df'X^ + 0{BXdX) + 0{B'-X^) + 0{B^) . (5.2.25) 



2 
Thus Eq. (5.2.25) finally becomes 



\a , (5.2.26) 



D'lJi^' -^ D^X^' = d^X^' - s^c^^X^' (5.2.27) 



n^y - ^F^y - ^ (5p^v^ - 5vA/ - e^sc\'^f) " (5-2.28) 



■^F^vK - \d,^''^K - ^D^X^'iy^r^ + ^0{XdX{F/v + DX)) 



+ -O (X^ (F/v + DXf) + ^O ({F/v + DX)^) . 



(5.2.29) 



The terms in Bf; that we had neglected will lead to higher interactions with increasingly higher powers of 
(F/v -I- DX) in the numerator and v in the denominator. 

For the fermions, we easily find that 

L<l>^Y''D^^a -^ ^'i^^r'^D^^'A + ^'^^r^d^'i'4 + higher order , (5.2.30) 

where D^ on the LHS is the 3-algebra covariant derivative while D^ on the right is the Yang-Mills covariant 
derivative. 

The theory we have obtained now has an interacting SU(2) Yang -Mills piece supplemented with some 
decoupled fields as well as a variety of higher-order terms. ^' The action can be written in the form 

■€ = -Csu(2) + -Cu(i) (5.2.31) 



'The original 3-algebra still makes its presence in the higher-order terms, to be understood geometrically in the next section. 
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where 



Xud) = -\dX'd^xi + ^*V5^^4 . (5.2.32) 



For the SU(2) part, we rescale the fields as {X, ^) -^ {X/v, ^/v), to find the action 



Xsu(2) = \-Co + \£i+ol\] , (5.2.33) 



(5.2.34) 



where Xo is the action of maximally supersymmetric 2+ Id SU(2) Yang-Mills theory 

Xo - - \f,^aF^''^ - ^D.X^'irx; + 1 (sABcX^'X^J) [e^^X'^'X^J) 
+ ^'F^/JTa + ^SABc'i'^T'x'^'^'^ , 

with the field strength and covariant derivative defined as 

F;^, = 5X - 5vA;^ - e VX and D^/ ^ d^d^" + s^^c^ . (5.2.35) 

In the above, X(),Xi, ... are all completely independent of v. Taking the limit v — > oo, only the Xo term 
remains. The interacting part of the surviving theory is precisely SU(2) Yang-Mills, the low-energy theory 
on two D2-branes. Then, since scalar fields have canonical dimension ^, we can identify v = gYM', this is 
the conect mass dimension for the Yang-Mills coupling in 2-i-ld, and it is in agreement with the fact that 
this theory is weakly coupled in the UV and strongly coupled in the IR. 

Note that B" has disappeared from the theory, while A" no longer has a Chem-Simons coupling but 
rather a full-fledged SU(2) Yang-Mills kinetic term. The fields that survive in the D2-brane action have the 
correct couplings to the newly-dynamical gauge field. Note that the terms corresponding to the modes X^'-^'' 
have disappeared; they played the role of the Goldstone bosons that gave a mass to B'^, and at the end were 
transmuted via the Higgs mechanism and the Chem-Simons coupling into the single physical polarisation 
ofA/. 

One might be alarmed at the fact that the original gauge symmetry S0(4) - SU(2) x SU(2) appears to 
have been Higgsed to SU(2) x U(l) by a VEV of a field in the 4 of S0(4). That is not quite the case. The 
Higgs mechanism breaks S0(4) to S0(3) ^ SU(2) as it should, since the scalar X'**^^ that develops the VEV 
breaks SU(2) x SU(2) to a diagonal SU(2). However, several free scalars are left over and the U(l) gauge 
field is obtained by dualising one of them. 

The final theory also contains 8 non-interacting scalars X'^'. Of these, X^',/ = 1,2, ...,7 correspond to 
the centre-of-mass modes for the D2 worldvolume theory. The last scalar X^^^\ the one which originally 
developed a VEV, can now be dualised via an abelian duahty to yield an extra U(l) gauge field. The free 
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abelian multiplet is completed by ^^, so the full gauge group is SU(2) x U(l). Note that the entire multiplet 
comes from a direction that was not central in the original 3-algebra (in the sense that it does not satisfy 
[r^, T', r-'] = for all /, J). 

When V = gym -^ °°, the theory on the D2-branes becomes strongly coupled. ^^ As we have already 
seen, the physics of strongly coupled Yang-Mills in 2+ Id is expected to be captured by M2-branes. Hence, 
in this hmit of U(2) Yang-Mills one expects to recover the low-energy physics of 2 M2-branes in flat space 
[162]. 

While the novel Higgs mechanism plays a specific role in the context of M2-branes, as described above, 
it occurs quite generically in a class of Chem-Simons field theories in 2-1-1 dimensions. It is closely asso- 
ciated to the well-known phenomenon of topological mass generation in 2-i-ld and stems from a conflict 
between diagonalisability of kinetic and mass terms that arise in Chern-Simons type theories [163]. 

5. 2. 3. The Higgs mechanism for ABJM theory 

We next turn our attention to applying the above mechanism to the case of the full \J(n) x \J{n) ABJM 
theory [164-166]. Here, however, the bifundamental nature of the matter fields makes the technical dis- 
cussion slightly different; it further involves a subtlety relating to the treatment of the abelian parts of the 
matter and gauge fields [167]. For the sake of simplicity, we focus our attention on the bosonic part of 
the action. In this case we will also reintroduce the /:-dependence. In fact, we will consider the Higgsing 
process in a limit where not only the VEV v but also the Chem-Simons level is taken large, in such a way 
that v/k — > fixed. 



Consider once again the ABJM lagrangian (4.1.19) 



2, 



-llY (AZ^Z,Z^ZcZ<^Z, - AZ^ZsZ^Z^Z^Zc - Z^Z^Z^UZ^Z^ - Z^Z^Z^Z^ZcZ^) 

(5.2.36) 



where 



b^,Z^ = ^^,Z^ -iA^^Z + iZ^A^. (5.2.37) 



We would like to see what happens under a perturbation schematically of the form 

Z^ - v5^^ + z^ , (5.2.38) 



^*We remind the reader that at this stage we have fixed the Chem-Simons level, which is an otherwise free parameter of the 
theory, \ak= 1 . In the next section we will relax this assumption. 
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with A = 1, ..., 4, or more precisely in terms of the real parts 



39 



Z^ = v6^^ In^n + -^X^ + i-^X^"-^ . (5.2.39) 

V2 V2 



For the Higgsing it is appropriate to define 



K = ^(^^ + <) ' ^M - \^^l - 4^ ' (5.2.40) 



which, obsei-ving that AfrZ^ - Z^Af; = [A^,,Z^] + [A,,,Z'^}, translates into 

D^Z^ = D^Z''-i{A;,Z^} 
D.Z^ = duZ^-i{Al,Z^^ 



F;, = d^A^-i[A;,A^]. (5.2.41) 

Note that the abelian gauge fields do not appear in the covariant derivative D^. In terms of these new 
variables the Chern-Simons part of the lagrangian becomes 

d'x—e^'"'Tr{A;F:, - Ja;A;a:^) . (5.2.42) 

The fields are n x n matrices which can be expanded in terms of a complete basis of U(n) generators as 
follows'*'^ 

Z^ - Z^T^ + iZ^T", 

Aj; = AlfT^+AJ;"T\ 

A^ - A™r°+A^"r', (5.2.43) 



and subsequently, including the VEV and writing things in terms of real components, 

V2 j V2 V2 V2 



Z^ = _L + v<5^-4 7.0 ^ ,-^ jO + -^^j^a _ ±a^j^a _ (52.44) 



^'Here the fields X'* after Higgsing are n x n hermitian matrices whicli will be expanded in a basis consisting of the unit matrix 
and a hermitian set of SU(«) generators. 

^''Here we normalise the SU(n) generators as Ti(T"T'') = S"'\ with T" = l„x„. 
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As a result one gets for the covariant derivative 



D,.Z' 



duX' 



A,X^4_.. /5„X^4 ijyyA 



^ jO _ ^l^^a ja _|_ '^A'^'-Q ^Q _|_ '^/J^a ^g 



V2 V2 



V2 



V2 



-2/vALr"(5^4 - i^/2A-,X^r' + ^A'X^^^r' - A-,"dr,hrT'Xt^^ 



^tia 



'^Ija^O 









VO^O 



where [T", T^] - if"'' J'', {T", T^} - J^^r^ Then we obtain 



M,2 _ ./^/^^O)' , f(0.^)f"'^' 



TrlD^Z-l^ - N-^-^ + 



+ \2vA~^,6' 



AA (D,xy, 



,Ax2 



+A^(^5/,A:;J+4 _ 2vA;o(5^^| + subleading . 



Adding the following two terms, which are equal to zero by the Bianchi identity, 

and with the inclusion of the Chem-Simons terms, we get that the action becomes 
S = fd\ 



|-6/^-'Tr(A;F;, - |a^-A;A-) - Tr|D,Z 



■A|2 



IHt.'"' (^- - ^^<°'«")^" ^ i^" ('-^" - ^^<^'«s) ^ 



(5.2.45) 



(5.2.46) 



(5.2.47) 



+0 

vA 



- I 2vA;„ - ^(O.X)^)' - n [-^dX^' - 2vA;y ' 



-^(D^^iD^X)'^ - ^nd^d'^X^ + higher order 



(5.2.48) 



where /' = {1,2,3,5,6,7,8). The higher order terms also include a contribution proportional to (A )^. 
However, these terms are subleading in the limit k,v ^ oo and can be ignored. 

At this point we can perform a shift in the A„^, and in the abelian component A"„ of the gauge field 



1 1 

^f" ' "^" ■ 2^ V^' 



AL^A-„ + -— (D^X):; and 



^0 



^"°^^'°^^4^^-''°^' 



(5.2.49) 
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which leads to 

-j{D^X)i;{irX)i; - jndXd'Xi; + Wgher order) , (5.2.50) 

where/' -{1,...,7). 

It is interesting to observe that in the above expression, both the X^ and the X^ components vanish to 
leading order. These fields make up the Goldstone modes that render, respectively, A^^ and A"*'^ dynamical 
to give back a UCA'^) gauge field. Without the vanishing of the X^ one would have ended up with excessive 
degrees of freedom. We will see shortly that this also has an interpretation in terms of the M2's moving in 
the orbifold geometry. 

We can now integrate out both the abelian and non-abelian components of A~ to obtain 

a; = ^^^A-vi^^"' + higher order (5.2.51) 

and upon plugging into (5.2.50) this gives 

S = Jdh[ - Tr(^^^/^+^^F;,) - i(D^X)f (ZyX)f - ^ndX^4 + higher order] . (5.2.52) 
Then using the definition 



k^ 1 



(5.2.53) 



32;r2v2 4g|^ 

and taking the limit ^, v — > oo, with k/v = fixed, the higher order terms drop out. Combining the remaining 
traceless part of Xfi with the trace part of X^, we find the bosonic kinetic terms for \J{n), three-dimensional 
Yang-Mills theory. 

Regarding the bosonic potential terms, we observe that all terms scaUng like v^, ..., v^ vanish, so one is 
left with a potential that is of order v^/k^ oc g|^, and hence fourth order in the scalar fields, as expected. 
The remaining terms are subleading in v and vanish in the v ^ oo limit. The surviving term in this limit is 

-Ve^ -^Tr([X'' ,X^'][X-'' ,X'']) . (5.2.54) 

In this way we have recovered the full bosonic content of three-dimensional U(n) Yang-Mills by Higgsing 
the U(«) X \J{n) ABJM theory. 
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5.2.4. Higgsing and large-k compactification 

We now proceed to assign a spacetime interpretation to the field-theoretic mechanism that we have thus 
far described in the ABJM case. We have akeady estabUshed in Section 4.1.2 that the orbifold Z^ acts as 
Z^ — > e^^^l^z^ on the complex coordinates transverse to the M2-brane worldvolume. Setting Z^'^'^ = for 
simplicity reduces us to C/Z^ as /: ^ oo, with^' 

24 ^ jA^iniik ^ jAly ^ ^y ^ \ ^2" + Ini^ . (5.2.55) 

^ A: ' k 

_\ 
Expanding around Z^ = v + /O with {vlk)TjJ^ = R, we see that 

z'T~J^^Z'rJ^ + 2mR (5.2.56) 

should be an invariance of the theory, or by writing Z'^ = X"^ + iX^, that X^ is compactified with radius 

_i 
R. This is the radius of the M-theory circle. By letting {vlk)TjJ^ = R ^ 0, one recovers the theory of 

D2-branes of type IIA string theory in flat space. 

In particular, since three-dimensional Yang-Mills involves seven (as opposed to eight) scalai^s, it is 
natural to expect that one of the Goldstone modes that render the gauge fields dynamical in the ABJM 
theory should be precisely X^, corresponding to the centre-of-mass motion of the branes in that direction. 
On the other hand, for the N = S BLG model, the scalar degree of freedom that disappeared was exactly 
the one that developed the VEV. For our particular choice of VEV, this corresponds to X^ being singled 
out, as opposed to X^, as implied by (5.2.56). This is a sign that the orbifold picture is not an appropriate 
dual description of the BLG model for generic values of k. We will explicitly see in Section 5.3 that this is 
indeed the case. 

The relation between the novel Higgs mechanism and large-^ compactification can also be understood 
as follows: C^/Z^- can be thought of as a cone over 5^/Z^. The orbifold action leads to an opening angle that 
shrinks hke l/k. In the limit where ^ ^ cx3, this opening angle approaches zero, so at some point infinitely 
far out on the moduli space the local geometry approaches that of a cylinder S ^ /Z)t x M, where the former is 
always realised as a Hopf fibration. However, S"^ ll^k then involves a €P^ base of infinite volume, while the 
S ' /Zjt fibre has a finite, tunable radius (which can be taken to be small) because of the action of the orbifold. 
Moreover, the nature of the fibration is locally trivial and the cylinder is really M^ x 5 ],^^^^ xM. = WxS l^^^^^- 
The scaling limit ^ ^ oo, v ^ oo with gyM — > fixed and small, precisely takes the M2-branes out into this 
cylindrical space, where they should behave hke D2-branes in type IIA string theory. So at low energies we 
expect a finitely coupled U(«) Yang-Mills theory - and that is exactly what we find [119, 167]. 



'^'The trace parts of the field theory scalars are related to spacetime coordinates by multiplication with a factor of T^J^ . 
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It is worth mentioning that the discussion in the limit of large-order Z^ orbifolds bears a strong re- 
semblance to the ideas introduced in [168, 169] and used in the deconstruction approach to M5-branes 
[170, 171]. In those works the order of the orbifold grows large in a similar- way and the D-branes are 
simultaneously moved far away from the fixed point, so that they effectively end up propagating on a cylin- 
der. It is important to note that, compared to the starting quiver gauge theory, the deconstructed theory is 
higher dimensional and has enhanced supersymmetry. Another interesting point is the implementation of 
the Higgs mechanism for the ABJM model coupled to N = 6 conformal supergravity, or "topologically 
gauged ABJM theory" [172]. The Higgsed theory [167] has broken conformal invariance and reduces to 3d 
"chiral supergravity" in the sense of [173]. The latter has an AdSs vacuum and should also admit a CFT2 
boundary description. Hence, the Higgs mechanism relates AdS4/CFT3 to AdS3/CFT2 in something that 
might be called "sequential AdS/CFT" [174, 175]. 

5.3. Relation of ABJM to BLG 

At this stage we can close the circle of ideas by asking the following question: What is the relation of 
the original BLG theory of Section 3.1 to the ABJM models? 

We first remind that ior n = 2 we can chose a basis for the 3-algebra of 2 x 2 matrices given by 

T" - i—^cru —^cr2, —^(Ts, -^ hxi] , (5.3.1) 

I V2 V2 V2 V2 J 

where a = 1, 2, 3, 4 and cr,- are the Hermitian Pauli matrices: cr,crj = Sij + ieijtcr'^. In this basis the structure 
constants and metric of the triple product defined in (3.3.1) are 

k 

Thus f"^'^'^ is real and totally anti-symmetric. In fact one can check that the n - 2, N = 6 lagrangian 
constructed from this 3-algebra is the N = S lagrangian with gauge symmetry S0(4) - SU(2) x SU(2) but 
written in complex notation: Z^ ^ {X^ + iX^+'^)/ V2, for A ^ 1, 2, 3, 4. (See Section 3.3.1.) 

Here we need to reiterate a subtlety that will be important for our discussion: The lagrangians are defined 
only in terms of the data of the Lie algebra and not the gauge group. This data is encoded by the 3-algebra. 
However to define the quantum theory we need to specify the gauge group and the choice of the latter has 
an effect through the flux quantisation conditions. Since more than one group can have the same Lie algebra 
we see that more than one theory can be associated to a lagrangian. To make this distinction clear in this 
section we refer to the lagrangian in terms of its Lie algebra, e.g. u{n) ® u{n) or 5u{n) ® 5u{n), but we will 
refer to the theories in terms of their gauge group, e.g. \J{n) x U{n), SU{n) x S\J{n) or (SU(?i) x SU(?i))/Z„. 
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We have seen in Section 3.3 that the \J{n) x U(«) N = 6 models can be derived from the SU(n) x SU(«) 
models by gauging the global U(l). We now describe how to go backwards: namely integrating out the U(l) 
gauge field of the AB JM lagrangians leads to 5u(n) ® 5u{n) lagrangians, along with a Z^ orbifold action on 
the fields. In the case with « = 2 we will show that the ABJM model can be related to the N = S lagrangian 
with an additional Zjt orbifold. However there is global information that needs to be taken into account and 
this only works when k and n ai^e relatively prime [104]. Let us next see how that happens. 

5.3.1. From u(n) x u{n) to 5u{n) x 5u{n) CS-matter theories 
To begin let us go back and rewrite the ABJM lagrangian as 

Xu(„)xu(«) = -^suSxsuW + ^^""^^^^vGi • (5.3.3) 

As in Section 5.1.1, we introduce a Lagrange multiplier term 

Lu(n)xu{n) = i:su"f)x<iu(«) + '^^''^^l^^y^ + g^O"e^'"'^P^vi ■ (5.3.4) 

Integrating the last term by parts we find 

Xu(„)®u(«) - ^suSffisu(«) + ■^^''^^i^^y'i - ■^^'''^df.o-HyA . (5.3.5) 

We can now integrate out Hjjy to see that 



I 

r 



B^ = -d^cT . (5.3.6) 



Thus under a U(1)b gauge transformation one has that 

o-^a + ke. (5.3.7) 

Substituting back we find that the u{n) ® u{n) lagrangian is equivalent to the 5u(n) ® su(n) lagrangian with 
new variables: 

Xu(ri)®u(n)(2 ,l/'A,^^Z),5^, G/j) - -Csu(n)ffisu(n)(^'°" ^ » ^'°" ^A,A°^b)- (5.3.8) 

The variables Z^ - e'^'^'^Z^ and ^a = e'°'^'^i//A are U(l)5 gauge invariant. 

Most of the steps that we have outlined do not rely on the global choice for gauge group. The exception 
to this is the last step (5.3.8) where the infinitesimal gauge transformation was exponentiated to a finite 
group element. Thus we should be careful with some global issues. In particular, although the Lie-algebra 
decomposes as u{n) - 5u(?i)®u(l) it is not true that U(n) = U(l)xSU(n). Rather one finds that U(l)xSU(?i) 
is an n-fold cover of U(?i). To see this, we note that the group homomorphism o) : \J{1) x SU(?i) -^ U(«) 
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defined by CL)ie'^ , gsv(n)) = ^'^gsvin) covers U(n) «-times. In fact, the detemiinant satisfies det(gu(n)) - ^'"^, 
but this only detennines 6 modulo {2n/n)Z. Thus we have U(«) = (U(l) x SU(n))/Z„, where Z„ = Ker(a») 
is the centre of \J(n). 

The upshot is that although (5.3.8) links the lagrangian of the u{n) x u(«) theory to that of su(«) x 5u{n), 
the gauge group is (SU(n) x SU(?i))/Z„ and not SU(«) X S\J{n).^^ As we will now see this leads to modified 
flux quantisation rules that affect the physical interpretation. 

We next need to determine the periodicity of cr in (5.3.8), which follows from a quantisation condition 
on the flux H. In this case the standard Dirac condition L-Fe InZ is modified. In particular, the gauge 
group is (U(l) X SU(n))/Z„ and we need only require that LFe {2jr/n)Z, i.e. the U(l) phases computed 
by two different paths D and D' must be equal modulo Z„. Thus we see that the quantisation condition is 



J 



dF^^" e —Z . (5.3.9) 



As we have emphasised, this fractional flux quantisation condition arises because the gauge group is 
(SU(«) X SU{n))/Z„ instead of SU(«) x SU(«), with Z„ the relative centre of the two SU(?i) factors. Thus we 
refer to the resulting Chem-Simons matter theory as the (SU(n) x SU(?i))/Z„-theory. This is distinct from 
a theory with the same £.su(n)Bsu(n) lagrangian but global SU(«) x SU(?i) gauge symmetry and no fractional 
flux quantisation, which we refer to as the SU(?i) x SU(«)-theory. 

After integrating out H, we are left with the condition B = dcr/k. This is analogous to what we obtained 
for the moduli space calculation with the difference that now we are in the full theory, not just the moduli 
space. Locally, Fi - Fr = dB vanishes so that Fl and Fr must have the same flux. Note that we do not 
require that cr is globally defined so there can be a non-zero Wilson line for the gauge field B. However, 
since Fl- Fr = dB = in any open set where cr is single-valued, it follows that Fl = Fr globally. This 
generalises the flux quantisation argument of [176] to allow for a non- vanishing but trivial gauge field and 
applies to the full theory, not just the moduli space (but only for the overall U(l) fluxes). Since H = Fl + Fr 
we have 

^ dH = j^^-%Hy, e ^Z (5.3.10) 

and cr has period In. Note that since e'^ is a \J(n) transformation, 9 also has period 2k. Thus we can fix 
the U(1)b symmetry using (5.3.7) and set cr = mod 2n. However, this periodicity imposes an additional 
identification on the U(l)-invariant fields 

zA^e^^zA and ^A-e'^'/VA. (5.3.11) 



*^One might have expected (SU(«)/Z„) x (SU(/7)/Z„) but only the relative Z„ factor acts non-trivially. 
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We are therefore told that the U(?i) x U(«) ABJM theory is equivalent to a 1^^ identification on the 
(SU(n) X SU(n))/Z„-theory. Note that the Z„ quotient arises here as the relative part of the two Z„ factors 
from U(«) ^ (U(l) X SU(?i))/Z„. 

However we need to be careful since there could be obstructions at a global level. To look for the latter 
it is insightful to compute the moduli space of the (SU(?i) x SU(n))/Z„-theoiy along with a Z^ orbifold and 
compare it to the U(«) x U(n) result. 

For a general n the vacuum moduli space is obtained by setting 

Z^-diag(zf,...,z^). (5.3.12) 

If we consider gauge transformations of the form gi = gn then Z^ behaves as if it were in the adjoint of 
SU(?i) and hence cannot tell the difference between the SU(?i) and \J(n) theories. The result is that the 
gauge transformations which preserve the form of Z^ simply interchange the eigenvalues zf leading to the 
symmetric group acting on the n M2-branes, just as is the case in D-brane theories. 

Next we can consider transformations in the diagonal subgroup of SU(n) or U(?i). These act to rotate 
the phases of the zf, however in the SU(«)-theory they only do so up to the constraint that the diagonal 
elements must have unit determinant. In the U(«)-theoi7 this is not the case and there ai^e n independent 
U(l)'s, one for each zf, and each of these U(l)'s leads to a Z^ identification on the moduli space. Thus for 
U(«) we indeed see that we find n commuting copies of Z^ along with the symmetric group acting on the 
z^. 

For the SU(«)-theory, even including the Z^, action of U(l)5, this will not always be the case. In par- 
ticular, note that since the detenninant of the gauge transformations coming from SU(«) is always one we 
have, for an arbitrary element of the moduli space orbifold group, 

det(4 j^go) - det(4 jP = e^™'^/*-- . (5.3.13) 

Here go represents a generic element of the moduli space orbifold group obtained in the (SU(«)xSU(«))/Z„- 
theory. On the other hand, the moduli space orbifold group of the U(n)-theory generated by n independent 
U(l)'s has 

det(g'/ ...gi") = e2;r<(/. +...+/„)/«: _ (5_3_ 14) 

If these two theories ai^e to give the same moduli space then we must be able to have g2myi +■■■+'«)/<: - gimniB/k 
for any possible combination of //'s. Thus we are required to solve 

I = nlB mod k, (5.3.15) 
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for /g as a function of l,n,k, where Z = Zi +... + /„ is arbitrary. Hence, if this equation can be solved for 
Ib then go = e'^'"''^^'^gy...g," is an element of SU(n) and can arise from the vacuum moduli space quotient 
group of the (SU(?i) x SU(?i))/Z„-theoi-y. 

We will now show that (5.3.15) has solutions for all Z if and only if n and k are co-prime. In general the 
solution is Ib = (1 - pk)/n for any p e Z; however we require that 1b is an integer. It is clear that we may 
view Z, k and p as elements of Z/Z,, and we are therefore required to solve the following equation for p 

I = pk mod n . (5.3.16) 

This always has solutions if the map tp : p \-^ pkis surjective on 'Lj'Ln- Since Z/Z„ is a finite set this will 
be the case if and only if ^ is also injective. Thus we wish to show that pk = p'k mod n implies p - p' . 
This is equivalent to showing that qk = mod n implies ^ = mod n. Now suppose that qk = m. If k and 
n are co-prime then all the prime factors of k must be in r and all the prime factors of n must be in q. Thus 
q - mod n. On the other hand if k and n have a common factor d then we find a non-zero solution by 
taking q = n/d and r = k/d. Thus qk = mod n has no non-trivial solutions for q if and only if n and k are 
co-prime. 

This result can been restated as follows: Although locally U(n) ^ U(l) x S\J{n), this is not true globally. 
Even though the lagrangian is defined by local information at the Lie-algebra level, the map we constructed, 
reducing the U(«) x U(?i)-theory to a Z^ quotient of the (SU(n) x SU(n))/Z„ -theory, involves finite gauge 
transformations and is therefore sensitive to global properties of \J(n). The above discussion shows that 
the vacuum moduli space quotient group of the \J{n) x U(«) theories is not of the form Z^ x Go, where 
Go c SU(?i), unless n and k are relatively prime [104]. 

We have therefore shown that if n and k have a common factor then the vacuum moduli spaces for the 
two theories do not agree, as there is a global obstruction to mapping the U(n) x U(?i)-theory to a Z^ quotient 
of the (SU(«) X SU(«))/Z„ -theory. On the other hand, if n and k are co-prime then the vacuum moduli space 
calculated in the (SU(«) x SU(«))/Z„ -theory, along with the Z^, identification coming from U(1)b, agrees 
with the vacuum moduli space of the U(«) x U(n)-theory. This suggest that there is no global obstruction 
and in these cases the U(«) x \J{n) theories ai^e Z^ quotients of the (SU(n) x SU(n))/Z„ theories. Thus one 
can conjecture that: 

• V(n)k X \J(n)-k is equivalent to a Z,t quotient of (SV(n)k X SU(«)_i)/Z„ if k and n are relatively prime . 

5.3.2. Connecting to the BLG models 

We ai^e finally in position to connect this discussion with the moduli space results for BLG theory, 

obtained in Section 5.1.1. Our analysis implies that for n = 2 and k odd, the N = 6 ABJM models can be 
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viewed as Z^ orbifolds of the N = S model with gauge group (SU(2) x SU(2))/Z2. Clearly, for ^ = 1, the 
ABJM model for two M2-branes in M^ is precisely the A^ ^ 8 (SU(2) X SU(2))/Z2 model of [83-86]. 

One can also find a connection, which does not fit the above pattern, when the moduli space is (C^ x 
C'^)/D8- This arises from (5.1.16) for ;t = 2 in the SU(2) x SU(2) theory and for yt - 4 in the (SU(2) x 
SU(2))/Z2 theory. It can be identified with the moduli spaces of two M2-branes in M.^/Ij2 by introducing 

rf^zf+4, ri^ii4-4), (5.3.17) 

so that in the language of Section 5.1.1, 

812 81^^2)- A^-A^ 4^4 (5-3.18) 

gsu(2) gi2 : rf -A ' A -A ■ 

These are indeed the identifications expected for the moduli space (R^/Z2 x ]R^/Z2)/Z2 of two M2-branes 
located at a Z2 orbifold singularity of M-theory. 

Hence we have seen that for k = I, the (SU(2) x SU(2))/Z2 theory is precisely the ABJM model at level 
it = 1. We have also seen that the it = 2 SU(2) x SU(2) theory [118] and the A: - 4 (SU(2) x SU(2))/Z2 
theory [177] both have the correct moduli spaces to describe two M2-branes in M^/Z2. Indeed, there are 
two such theories expected, corresponding to the presence or absence of discrete torsion. Therefore it is 
natural to identify them with the A: ^ 2 U(2) x U(2) ABJM and A: = 2 U(2) x U(3) ABJ models respectively. 

In summary, the following N = 6 ABJ(M) theories ai^e dual to A/^ = 8 BLG models: 

• U(2) X U(2) is dual to (SU(2) x SU(2))/Z2, both atk=l; 

• U(2) X U(2) is dual to SU(2) x SU(2), both at A: - 2; 

• U(2) X U(3) at yt - 2 is dual to (SU(2) x SU(2))/Z2 at ;t = 4 . 

These proposed duaUties have also been tested non-trivially by showing that their superconformal indices 
agree [177]. 
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6. Analysis of the theory II: advanced topics 

In this section we continue to analyse ABJM theory by investigating some of its most puzzling fea- 
tures. We start by focusing on the special role of momentum along the M-theory circle and its relation to 
"monopole" or " 't Hooft" operators. After this we discuss hidden symmetries arising at low values of the 
Chem-Simons level k. We then include couplings to Ramond-Ramond background fields in the ABJM la- 
grangian and discuss the ensuing mass-deformed version of the theory. Finally, we discuss the physical and 
geometric interpretation for the vacua of the mass-deformed ABJM theory in terms of dielectric M2-branes 
in M-theory. 

6. 1. IID momentum, fluxes and 't Hooft operators 

Let us look more carefully at some subtle features of the ABJM lagrangian. For this we initially work 
with the U(l) x U(l) theory and decompose the complex scalars into their magnitude and phase:^^ Z^ = 
R^e I V2. Then the bosonic part of the lagrangian is 

^ = "I Z ^X^^^ - 2 Yl-J^^f^9f(^ - ^e/.)!^^ - Bn + —^'^B.dMA , (6.1.1) 

A=l A=l 

where as before we have defined B^-A^^- A^ and Qfi = A^ + A^. Under a U(1)b transformation we have 
6^ ^ 6^ + A and B^ ^ B^ + d^A. Thus the centre-of-mass component 6 - YjA ^ ^^^ be set to zero by 
a gauge transformation. As we have already seen, this direction (the common phase of the four complex 
coordinates) plays the role of the M-theory circle. This leads to a puzzle: where has the eleven-dimensional 
momentum gone? 

To answer this we compute the corresponding hamiltonian. The conjugate momenta are 

UgA - (/?^)2(5o^ - So) (6.1.2) 

ngo = nfio = , 



^These 6's should not be confused with the !?, coordinates introduced above Eq. (4.1.13). 
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where /, j = 1,2. Thus the hamiltonian is 



^ - r^^x|i2n^^ + lj;(/?Vn^4j](5,/?Y42(^Y(5,-^-fiO^ (6.1.3) 

^ [ A A A A 



where H = dQ = dA^ + dA'^ and F = dB = dA^ - dA'^. 

We see that, as is always the case in gauge theories, the Hamilton equations for Bq and Qq impose 
constraints. In particular we have that 

Fi2 = 0, (6.1.4) 

so that the magnetic fluxes of A^ and A^ are always equal. However, we also find 

^12 = -- r>n^. (6.1.5) 

>" A 

Thus we have established that turning on momentum around the M-theory circle is equivalent to turning 
on H - dA^ + dA^ magnetic flux. Indeed, since F^ and F^ have quantised fluxes, we have j d^xF^ = 
j d^xF^ € IttTj and hence 

I d^xHi2e4nZ, 

so that 

A 

where Pqa = j d^xIlgA is the total momentum. This is consistent with the X^ orbifold which projects out 
momentum modes that are not a multiple of k. 

Let us now repeat this analysis for the general \J(n) x U(?i) ABJM model. The lagrangian is 

£ - -Tr(D^Z^ZyZA) - /Tr(.A^/D^.A) + XF„;tavv.« - V (6.1.6) 

+±.^^^TriAJ;dA', - jAJ;A^A^i^ - ±.^^^Tr{A'^dAi - f^X^l) - 
where Jlyukawa represent the Yukawa-type terms of the form tf/ZZif/. The hamiltonian is given by 

H - fd^xTr{UzAn2j + TiiDiZ^D'ZA)-£Yukawa + V (6.1.7) 

+Tr l/Z^nzA - iUz^ZA + /«Aa(/ - ^^nl^o + T^^i^A^z^ - i^z^Z^ - /«/-Aa + ^^nWi 
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Thus we find the constraints 



k 



12 



12 



MzaZ^ - iZAUz^ + il^lPA 



(6.1.8) 



Let us look at the massless centi"e-of-mass modes. As was noted in the moduli space analysis of the 
previous chapter, in a generic vacuum the Z^ all commute. Thus we can write 



'z^ 



(6.1.9) 



and set the massive ofF-diagonal fields and fermions to zero. If we write zf - Rfe'i / V2, we find 



12 



-^ 12 - /, 



ZaH, 



Z/inft4 



ZA^e 



(6.1.10) 



which generalises the previous U(l) x U(l) case to the centre-of-mass motion of each of the M2-branes. 
Thus we see once again that to include momentum modes around the M-theory circle we must turn on 
magnetic fluxes. In paiticulai^ for the centre-of-mass coordinates we must turn on magnetic fluxes in the 
Cartan subalgebra, but more generally for any component of the fields we can introduce a corresponding 
flux to give it M-theory momentum [98, 178]. 



6.1.1. Group theory analysis of 't Hooft operators 

So far our discussion has been classical. However the relations (6.1.5) and (6.1.8) are constraints and as 
such we must also impose them in the quantum theory. Therefore we continue to identify flux quantisation 
with the momentum around the M-theory circle. However in the quantum theory we will need to include 
operators that create or destroy units of momentum and hence flux. 

Such an operator is called an 't Hooft operator (or sometimes a monopole operator). They were first 

introduced into gauge theories in [179] and can be specified by saying that they create a given flux through 

closed surfaces around some insertion point. So in other words the 't Hooft operator is specified by giving 

the (Euclidean) spacetime point xq and flux - or equivalently, the singular behaviour of the gauge field at 
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that point (in Euclidean space) 

F = -k d\ + nonsingular , (6.1.11) 

2 \\x-xq\) 

where Qm e u(n) x u(?i) is the magnetic flux, and is subject to the standard Dirac quantisation condition 

e^^'fi" = 1 . (6.1.12) 

These operators should be viewed as prescribing the behaviour of the fields at the insertion point in the path 
integral and hence are local. 

A famous result of Goddard, Nuyts and Olive (GNO) [180] asserts that the solution to the Dirac quan- 
tisation condition is such that Qm is determined, up to a gauge transformation, by a dominant weight of 
the "magnetic" dual gauge group."*^ This dual gauge group is more commonly referred to (especially in the 
mathematical literature) as the Langlands dual. Therefore, for a gauge group denoted by G, the Langlands 
dual will be denoted by ^G. The Dynkin diagram and hence the Lie algebra of the dual gauge group is 
obtained by mapping the simple roots a, of the original gauge group to the "co-roots": a)' = 2c?,/|a,p. To 
obtain the actual dual group one notes that the weights obtained from the flux Qm are in general a subset 
of all possible weights, corresponding to a dual group that is a quotient of the universal simply connected 
group associated to the dual Lie algebra. For example, as we will see shortly, the Langlands dual to U(n) is 
U(n) but the Langlands dual to SU(?i) is SU(?i)/Z„. 

Let us illustrate this in the case at hand and for gauge group \J(n). By conjugation, which is simply the 
action of the gauge group, we can choose to have Qm in the U(l)" Cartan subalgebra 

QM = q-fi + q^, (6.1.13) 

where H generates the Caitan subalgebra of SU(?i) and 1 is the abelian U(l) generator {i.e. the identity oper- 
ator). We can think of Qm as a diagonal nxn matrix Qm = diag(gi , ..., q^) in the fundamental representation 
with highest weight 1^. The states in this representation are given by the orthogonal basis 

\fl'} = \P}, \if} = \T-di}, Iff) = \A'-(i 1-^2), ..., \fl"} = \A'-d,-...-dn-i}, (6.1.14) 

where c?;, / = 1, ..., n - 1 are the simple roots of SU(?i). In particular the diagonal components are'*^ 

qi = immm =q-fl'+q, i = l,-," (6.1.15) 

'*'*We will have to assume some knowledge of group theory concepts at this stage, which can be found e.g. in [181]. 
'^^Note that we are using / to indicate the range / = 1, ...,« - 1 as well as i = 1, ...,n to avoid introducing additional symbols. 
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and the quantisation condition is simply that qt € Z, i = 1, ...,n. 

Following GNO, q should be a weight of ^SU(?i) so we start by writing q = w, ^1'. The ^1', i = 
1, ...,n - 1 are called the "fundamental" weights of ^S\J(n) and are by definition dual to the SU(?i) roots a,-: 
^A' ■ dj = 6'.^^ Fundamental weights fonn a basis in which we can expand any weight of the group. To 
determine the coefficients w,- in terms of the fluxes we note that, for / = 1, ...,«- 1, we have wi = q ■ a,. On 
the other hand we see that, from the basis (6.1.14) and definition (6.1.15), 

Wi=q-di = q-{fl-(T'^^) = qi-qi+i, i=\,...,n-\ . (6.1.16) 



Thus we find 



q = {qi- qi) "^^^ + iqi - qs) ^^... + (^.-i - 9«) '■^""' , (6-1.17) 



which is indeed a weight of ^SU(«) since the qi's are quantised. We also need to specify the abeUan U(l) 
chai^ge q. To fix this we see that by tracing over Eq. (6.1.13) we get 2i"yu' = and therefore 

q = -{qi + ... + qn) . (6.1.18) 

n 

The observation of GNO is that within the Cartan subalgebra we can still act with gauge symmetries 
(which are just conjugations) in the Weyl subgroup to order the diagonal components, qi > q2 > ■■■ > q,T In 
this case ^is what is called a "dominant" weight of ^U(m). An important result in representation theory states 
that dominant weights are in one-to-one con^espondence with finite dimensional irreducible representations 
of the group. Hence, appropriate choices of fluxes qi fully characterise irreducible representations of ^\J{n), 
with the coefficients of (6.1.17) playing the role of Dynkin labels. 

In fact, for U(?i) we have no restrictions on Qm and one can clearly arrange for any weight by choosing 
the qi appropriately. Moreover, for this particular choice of group and in our normalisations, ^A' = A' and 
thus the Langlands dual to \J(n) is ^\J{n) = \J{n). 

However, it is interesting to note that all weights need not always arise: Consider SU(n), where we must 
impose the constraint qi + ... + q^ = 0. In this case one can show that ^can also be written as 

q = qidi +{qi -I- ^2)^2 + ... + (^1 + qj + ... + ^„-i)»„-i (6.1.19) 

and q is therefore also a root of SU(«).^^ Roots ai^e weights of the adjoint representation, which in turn is 
blind to the centre of the group. This means that the only representations that appear are those of SU(n)/Z„ 



"^^The A' that we used in (6.1.14) are the fundamental weights of SU(n) and dual to the co-roots. 

'^^One can recover the expansion (6.1.17) from (6.1.19) by simply using the root inner products. These can in turn be read off 
from the Cartan matrix of SU(«). 

ill 



and the Langlands dual to SU(«) is ^SU(?i) = SU(«)/Z„. 

Since dominant weights aiise as the highest weights of finite dimensional irreducible representations, 
GNO also conjectured that monopoles come in representations of the dual group with highest weight q. 
To see how this works in a familiar physical example, consider 4-dimensional maximally supersymmetric 
SU(2) gauge theory. The perturbative spectrum contains gauge fields in the adjoint representation. The 
nonperturbative spectrum includes monopoles corresponding to a given flux. In particular the monopole 
and anti-monopole have Qm - ±diag(l,-l), but are both mapped by the GNO prescription to the single 
highest weight 2l^ . Nevertheless these monopoles are physically distinct, despite the fact that their fluxes 
can be mapped to each other by a gauge transformation, because the theory is also specified by the VEV of 
the scalar fields. In other words, the monopole is determined by a scalar field of the form 



Q 



M 



<1) = diag(v, -v) + - — + . . . 



(6.1.20) 



and thus the gauge transformation that maps Qm — > -Qm also changes the vacuum. If we ask that we 
keep the vacuum fixed then we can no longer use gauge transformations to map Qm into the form with 
qi > q2 > ■■■ > Qn- i^ this case one sees that the monopole and anti-monopole, along with the zero-flux state, 
form a representation of SU(2)/Z2 with highest weight 2A^ corresponding to the adjoint representation. 

Another example is the case of U(3) with highest weight q = 2A^ and charge q = 2, corresponding to 
the symmetric representation. The fluxes in this representation are easily found to be 
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(6.1.21) 



Although some of the fluxes can be mapped to each other using gauge transformations, they correspond to 
physically distinct monopoles in the gauge theory. Such gauge transformations also act on the VEVs of the 
scalar fields, so they cannot be used to identify fluxes. Therefore in a generic vacuum, the fluxes within a 
representation are physically distinct. This implies that the 't Hooft operators assemble into multiplets that 
transform under the dual gauge group. In the next section we will see that in a Chem-Simons gauge theory, 
the 't Hooft operators transform in representations of the dual gauge group that are indeed determined by 
the fluxes. 
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We also note that the second flux in this representation: 



1 





1 












(6.1.22) 



is already ordered to qi > qi > q^ and thus maps to the dominant weight 1^. One may try to view this as 
the highest weight of the anti-fundamental representation of SU(3). However since it has U(l) charge 2 this 
cannot be viewed as a representation of U(3) (but rather SU(3) x U(l)). 

6.1.2. 't Hooft operators in ABJM 

Let us now consider 't Hooft operators in Chem-Simons theories and in particular- ABJM. More detailed 
discussions can be found in [134, 182-193]. In particular, let us take the Euclideanised theory and denote 
by A1q„(jc) an 't Hooft operator which creates a flux 

T- f ^'' = T- [ F'' = Qm^ u(1)" , (6.1.23) 

on arbitrarily small spheres surrounding the point x. An alternative view of 't Hooft operators can be found 
in conformal field theory using the operator-state mapping. In particular, through conformally mapping M^ 
to M X 5^ one can replace the insertion of an 't Hooft operator at a point to the creation of a state at f = -oo 
which caixies magnetic flux Qm through 5^. 

Our first observation is that, because of the Chern-Simons term, a single 't Hooft operator is not invariant 
under gauge transformations. Since the flux lies in the Cartan subalgebra, the 't Hooft operator breaks the 
gauge group G = \J{n)x\J{n) down to the diagonal U(l)"xU(l)" subgroup. To see how the 't Hooft operator 
transforms under this group, consider an infinitesimal gauge transformation generated by wl(-^)» (^r{x), 
which we assume to vanish at infinity. Although the flux Qm remains unchanged, because of the Chern- 
Simons term we find 

^ ^iktr((ujdx)-<^R(x))QM)^^^^^-^ _ (6.1.24) 

Thus an 't Hooft operator that creates a given flux Qm is not gauge invariant. However, by taking several 

such 't Hooft operators together, we can create a multiplet of local operators that transforms under some 

representation of the gauge group. To obtain the transformation of Mq„ under the full U(?i) x U(«) gauge 

group, we use the method of induced representations, based on the charges of 't Hooft operators under the 

U(l)" X U(l)" subgroup. Hence we see that, following the GNO map from charges to weights constructed 
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above, we can identify a multiplet of 't Hooft operators with the various operators obtained from fluxes that 
appear in an irreducible representation with highest weight 

A^kq®-kq. (6.1.25) 

In particular, theU(l)" xU(l)" charges of the states in this representation agree with (6.1.24), essentially by 
construction. We note that the second factor is not a dominant weight but rather the negative of a dominant 
weight. We therefore identify the representation of the U(«)r factor as the Cartan dual representation of 
U(«)/? (whose lowest weight is -kq) and in order to avoid unnecessary notation we will not always write 
out the two factors of the highest weight. Thus taking the multiplet of operators coiTcsponding to the fluxes 
found in the representation with highest weight kq^ -kqwe obtain an 't Hooft operator 

M^{x), (6.1.26) 

which transforms under gauge transformations in the representation of U(n) x U(«) with highest weight 
kq ® -kq. 

Secondly, we want to consider supersymmetric 't Hooft operators. This means that the classical field 
configuration near the insertion point needs to preserve some fraction of the supersymmetry. As we will see, 
this means that in addition to a singularity in the gauge field, we must also require a singularity in the scalar 
fields. Assuming that the fermions vanish and that the scalar fields remain in the vacuum moduli space - i.e. 
commuting but not necessarily constant - the supersymmetry variation is 

Sip A = yO^Z'^eBA ■ 

To proceed we note that we are looking in the Euclidean regime. In such cases we do not need to look for 
real solutions. In particular if we expand Z^ = (X^ + iY^)/ V2 in terms of real scalars then when we look 
for solutions in the Euclidean regime we no longer require that X^, Y^ be real. This means that we should 
not identify Z^ and Za as complex conjugates of each other but rather as independent fields. Similarly we 
no longer require that e^^ = e^^, although we still impose e^^ = ^e^^'-'^eco [185]. 

With this in mind we can find supersymmetric configurations by taking a single scalar, say Z^ and 
setting 

Df,Z^ = , 

but not DjjZi + 0. This will then preserve the supersymmetries eu, A = 2, 3, 4 i.e. half. Note that since we 
do not assume that e^g = e^^ the remaining supersymmetries e^B, A,B + \ and e^^ are not related to e\A 
and hence can still be non-vanishing. 
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The equations of motion for the gauge field can now be written as 

1 

k 



:^^My'iF"L = iZ^D^Z,=D^{iZ^Zi) (6.1.27) 



2;^^hvaFI^ = iD^Z.Z' = D^(iZ,Z') . 

Note that if Zi remains in the vacuum moduli space, i.e. commuting, then Fl = Fr. In addition the Bianchi 

identity implies that D^D'^(Z^Zi) = 0. Thus a supersymmetric 't Hooft operator is determined by an 

harmonic function which takes values in the Cartan-subalgebra and whose pole defines the magnetic charge 

eM,c./ (6.1.11): 

Z'Zi 1- nonsingular . (6.1.28) 

k \x - xq\ 

The 't Hooft operators can be used to construct important observables in ABJM. As we have seen they 
are crucial for obtaining states with momentum around the M-theory circle. Indeed the circle action corre- 
sponds to U(1)b rotations which have been gauged. Thus if we try to construct gauge invariant operators out 
of the local fields then they must be neutral with respect to U(1)b and hence have zero momentum around 
the M-theory circle. For example if we concentrate on the scalars then the only gauge invariant operators 
are analogues of spin-chains in the AdS5/CFT4 correspondence: 

Tr(Z'*ZBZ'^....) . (6.1.29) 

But these all caiTy zero U(1)b charge and hence are invariant under rotations of the M-theory circle. How- 
ever, we can rectify this by allowing operators such as 

TrOl^Z'^'Z'^^Z^^ ...Z''") (6.1.30) 

so long as M is an 't Hooft operator with U(1)b charge -p and is in the dual to the p'^ symmetric represen- 
tation of U(«) X \J{n). This corresponds to highest weight vector 

K = pA"-^, (6.1.31) 

and hence to 171 = ... = qn~i = 0, q„ = -p/k. Note once again that this exists as long as p is a multiple of k, 
i.e. it only allows for eleven-dimensional momenta that are multiples of k, in agreement with expectations 
from the Z^ orbifold projection. 
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6.1.3. Abelian 't Hoof t operators 

The 't Hooft operators that we have discussed might seem somewhat abstract in nature. So let us try 
to shed some Ught on these operators in the simpler abelian case. In fact, we have already seen examples 
of abelian 't Hooft operators - the exponentials e'"'''''^ - in the moduli space computation of Section 5.1. 
Imagine now that we are working with U(l)" x U(l)" ABJM theory. 

Let us first write down the total charges under the groups U(l)g and U(l)'^ obtained by taking the 
difference and sum, respectively, of the gauge fields in the original groups 

<3b ^ ^ J ^12 + ^A^ef 

Qq - i^P\2- (6-1-32) 

Both of the total charges are constrained to be zero by gauge invariance. The second equation says the fluxes 
associated to A^',A^^ are equal while the first equation equates the common flux to the charge coming from 
the matter current (which in turn we have identified with momentum in the M-direction). 

Now recall from the analysis following Eq. (5.1.21) that the fields cr, obtained by dualising H' are 
shifted by kOi under the /* U(1)b subgroup. It follows that 

Mi = e'^'W , (6.1.33) 

has charge k under this subgroup. Furthermore inserting p factors of e'°"'^'^^ into the path integral 

Z= r[Jzf][JAf][JAf]e'/^'-'^"^ , (6.1.34) 

with X given by (5. 1.21), is equivalent to shifting 

i- r d^y ^'%Hiy^(y) ^l.fd'y (e^''\Hi,;^{y) + Up6{x -y)) , (6.1.35) 

i.e. it has created p units of flux in the /* U(1)l and U(1)r subgroups with the singularity located at x. The 
gauge invariant coordinate wf - e~'"''^'^zf on the moduli space is then identified with MT zf. 

In this simple abelian case we also see that the 't Hooft operator is just a Wilson line for the /* U(1)b 
gauge field 

^;-,W^ ^'7/-'^ //,«', (6.1.36) 

where we used the fact, derived after Eq. (5.1.21), that S,-^ = d^o-j/k. The integral is over a curve y that 
ends at the spacetime point x with some some starting fixed reference point (that we could take to be at 
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infinity). However such an interpretation is not possible in the non-abelian theory and one must use the 
definition above in terms of singularities of the fields in the path integral. 

In the abelian example we can also see some important quantum properties of 't Hooft operators that we 
expect to also be valid in the non-abelian case. One such property is that the 't Hooft operator is covariantly 
constant 

D^e''^' = {id^a-i - ikB^^e''^' = . (6.1.37) 

This is more generally true for any e''^""', an operator that has charge kp, since the covariant derivative 
changes accordingly. Because of the absence of singularities (see below) this can be thought of as the 
product of p coincident 't Hooft operators. 

A related point is that, in conformal field theory, e"^' has dimension zero. This is clear classically since 
Bpii = d^cTj/k should have dimension one, but one may wonder whether or not it holds in the quantum theory. 
After all, in perturbative string theory we are used to the notion that, due to normal ordering effects, the free 
boson vertex operator e'''^ is not dimensionless but rather has conformal dimension a'k^. However in the 
present case, since the momentum conjugate to B'^ = A^ - A^ is ^^'^{kllT:)Q\ = e°'^''(^/27r)(A^' + A^'), 
there is no normal ordering ambiguity in the definition of e''^"'', and therefore it has dimension zero also in 
the quantum theory. 

In fact this argument strongly suggests that 't Hooft operators have dimension zero in the full ABJM 
theory. To see this first consider a vacuum where the scalar field VEV's have been sent to infinity. Here 
the theory is purely abelian and as above the 't Hooft operators have dimension zero. Let us now allow for 
finite scalar VEV's. Since the scalar VEV's have conformal-dimension ^ in three-dimensions, the conformal 
dimension of 't Hooft operators cannot depend on them. Hence the 't Hooft operators remain dimension zero 
at finite values of the scalar- VEV's in the full ABJM theory. For alternative and more detailed discussions 
on the dimensions and R-charges of 't Hooft operators in Chern-Simons gauge theories, see [186]. 

It is important to remember that although 't Hooft operators have dimension zero, they can still have non- 
trivial OPE's with other local operators. In the abelian case one finds that e"^' does not commute with H^yi = 
dfiQvi - dvQfji, leading to a non-vanishing OPE representing the creation of magnetic charge at the insertion 
point of e'°"'. In the non-abelian case we should expect 't Hooft operators that are, roughly speaking, 
constructed from A^ - A^, to have non-trivial OPEs with local operators constructed from Af" -I- A^. Since 
such 't Hooft operators are not the identity, these Chem-Simons models describe logarithmic conformal 
field theories and hence are not unitary. This is due to the indefinite metric associated to the gauge fields 
which, although non-unitaiy in a formal sense, still leads to a unitary physical theory. 



117 



6.2. Hidden symmetries atk = 1,2 

The derivation of the ABJM model applies even when k = 1,2. However, in that case the M2-branes are 
propagating in M^ or R^/Z2 so their worldvolume theory should presei"ve N = S supersymmetiy. This is not 
manifest in the lagrangian formulation. On the other hand, the brane derivation of the ABJM model implies 
that the full N = S supersymmetry must somehow be present. The first step towards resolving this issue 
is to note that fork = 1,2 the theory is strongly coupled. Therefore the quantum theory can in principle 
have quite different properties to the classical theory, including additional symmetries.^^ Consequently, one 
can propose that the additional supersymmetries, even if not manifest in the lagrangian, are present in the 
quantum theory. 

We start with the observation that the two extra supercurrents are charged under U(1)b- Naively, there 
are no gauge invariant local observables that can caiTy such a U(1)b chai^ge. Therefore, to make them gauge 
invariant, we must introduce 't Hooft operators. Let us see how this works in the special case of ^ = 1,2. 

First note that ^=1,2 the ABJM model should have an S0(8) R-symmetry. There is a manifest SU(4) 
symmetry which at the quantum level is generated by the currents 

jf^B = TriZ^D^Ze - D^Z^Zb + /^r/,«AB) ■ (6-2. 1) 

To enhance this to S0(8) we need currents of the form Tv{Z^D^Z^ - D^Z^Z^ + ie^^^^ilJcJix^D) but these 
are not gauge invariant. However, we can rectify this by including 't Hooft operators with U(l)5 charge -2 
and which are in the symmetric representation (so that 7^^ = -J^^) 

Jf = Tr((M2^|„_, ){Z^D^Z^ - D^Z^Z^ + /e^^^^«Acy^<AD)) , (6.2.2) 

where 2l"^^ is the highest weight of the symmetric (anti-fundamental) representation. This is obtained by 
taking the flux q\ = q2 - ■■■■ = <?«-! - 0, g„ = -Ijk and only exists precisely when k = 1,2. 

In addition there should be an extra N = 2 supersymmetry current at fc = 1 , 2. In this case we can 
construct 

Ti{M^j„_,D^Z^iljA) , (6.2.3) 

which has all the desired properties. "^^ 

Finally at /: = 1 there should be a current that generates translations along the M-theory circle. A natural 



■^^This is rather like tiie opposite of an anomaly, in the sense that the classical lagrangian does not have all the symmetries of the 
quantum theory. 

■♦'For related treatments see [187, 188, 194]. 
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candidate for this is 

Tr(M;j„_,Z^) , (6.2.4) 

where 1"~^ is the highest weight of the anti-fundamental with U(1)b charge -1 and can only arise at ^ = 1 
with qi =q2 = - ^ q^ =0,qn = -\. 

Thus we see that there are candidate operators that can enhance supersymmetry and translational invari- 
ance exactly as expected on physical grounds when k = 1,2. These operators necessarily involve 't Hooft 
operators in an important way. It is a different matter to rigorously prove that the operators constructed 
above actually achieve the desired result, a task we will not attempt here. 

6.3. Background fields 

For a single M2-brane propagating in an eleven-dimensional spacetime with coordinates x^ , the full 
non-linear effective action including fermions and /c-symmetry was discussed in Section 1.4. The bosonic 
part of the effective action is [9] 

S = -Tm2 fd'cT ^-detid^X^dyX^gMN) 

r JV e^^'^df.x^dyX^dAX^CMNP ■ (6.3. 1) 



Tm2 

3! 



So far the topic of this review has been on the non-abelian generalisation of the first term, in the de- 
coupling limit Tm2 -^ °° while keeping X^ = V^mI-^^ finite, corresponding to multiple M2-branes 
propagating in flat space (or orbifolds of flat space). We now switch gears and focus on the generalisation 
of the second term, namely the coupling of multiple M2-branes to the background M-theory gauge fields. 

In the well studied case of D-branes, where the low energy effective theory is a maximally supersym- 
metric Yang-Mills gauge theory with fields in the adjoint representation, the appropriate generalisation was 
given by Myers [195]. In the case of multiple M2-branes, the scalar fields X' and fermions now take val- 
ues in a 3-algebra which carries a bi-fundamental representation of the gauge group. Here we will follow 
closely reference [196] and we refer the reader there for more technical details. In addition we will restrict 
ourselves to terms which survive under Tmi -^ °°- For alternative discussions of the coupling of multiple 
M2-branes to background fields, including terms that do not survive this limit, see [197-200]. 

6.3.1. BLG theory 

Let us first consider the maximally supersymmetric case. Assuming that there is no metric dependence 
we start with the most general form for a non-abelian pull-back of the background gauge fields to the 
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M2-brane worldvolume 

Sc - ^e^"' f d^x{aTM2Cf,yA + ibCf„jTT{DyX',D^X^) 
+12c C^yUKL Tr{D,X', [X^ , X", X^]) 
+I2d Ci^ijCyKL] TriD^X', [X^ , X^ , X^]) + ...), (6.3.2) 

where a, b, c, d are dimensionless constants that we have included for generaUty. The eUipsis denotes tenns 
that are proportional to negative powers of Tmi and hence vanish in the limit Tm2 -^ °°- 

Let us make several comments. First note that we have allowed the possibility of higher powers of the 
background fields. In D-branes the Myers terms are linear in the Ramond-Ramond fields, but they also 
include non-linear couplings to the NS-NS 2-form. Since all these fields come from the M-theory 3-form 
or 6-form, this suggests that we allow for a non-lineai^ dependence in the M2-brane action. 

Also note that gauge invariance rules out any terms where the C-fields have an odd number of indices 
that are transverse to the M2-branes. For ^ = 2, 4 this is expected from the spacetime interpretation, where 
the AA = 8 theory with gauge group SU(2)xSU(2) or (SU(2)xSU(2))/Z2, respectively, describes M2-branes 
on a C^/Z2 orbifold, as discussed in Section 5.3.2. For these cases we must set to zero any components 
of C3 or C(, with an odd number of /, / = 1, ..., 8 indices. Therefore, in what follows, we will restrict our 
attention to the case with k = 2. (Similar results hold for ^ = 1. However, in that case, 't Hooft operators 
play an important role in restoring translational invariance.) 

The first term in Eq. (6.3.2) is the ordinary coupling of an M2-brane to the background 3-form. Hence 
we should take a = n for n M2's. The second term leads to a non-Lorentz invariant modification of the 
effective three-dimensional kinetic energy. It is also present in the case of a single M2-brane action (6.3.1), 
where we find b = I. We will assume the same to be true in the non-abelian theory. The final term, 
proportional to d, in fact vanishes because Tr{D aX^' , [X-' , X'^ , X^^) ^ ^dATT{X',[X-',X^,X^]) which is 
symmetric under I,J<r^K, L. Note that we have allowed the M2-brane to couple to both the 3-form gauge 
field and its electromagnetic 6-form dual, defined by G4 - dCj, G-i - dC(, where G? is defined in (1.5.2). 

The equations of motion of eleven-dimensional supergravity imply that dG-j = 0. However G7 is not 
gauge invariant under 6C3 = dA2. Thus ^c is not obviously gauge invariant or even local as a functional of 
the eleven-dimensional gauge fields. We would like to find an expression that is manifestly gauge invariant. 

To discuss the gauge invariance under 6C3 = dAj, we first integrate by parts and discard all boundary 
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terms. We find 



j^e'"'"' fcPx{nTM2C^yA 



+\G^yij Ti{X', D,X^) - ^-C,u Ti{X', Fy,X^) (6.3.3) 

-c Gf^yAUKL Tr{X', [X^, X^, X^])) , 

where we have used the fact that C^y/ and CfjvAUK have been projected out by the orbifold and hence 
Gfxvij = '^d[pCy]ij and G/jyaukl - '^d[^CyA]ijKL- We see that Sc contains a coupling to the worldvolume 
gauge field strength Fy^, but this term is not invariant under the gauge transformation dCj = dA2. However, 
it can be cancelled by adding the term 



yi' 



d\Tr{X',F^yX^)CMj (6.3.4) 

to Sc- Such terms involving the worldvolume gauge field strength also arise in the action of multiple 
D-branes. 



Next consider the terms on the third line of Eq. (6.3.3). Although Gy is not gauge invariant, the combi- 



nation Gj + iCs A G4 is. Thus we also add the term 



ScG - 



-^Z"'' fd^xTriX', [X-',X^,X^])(C3 A G4)f,yAiJKL (6.3.5) 

and obtain a gauge invariant action. 

To summarise, we find that the total flux terms are, in the limit Tmi -^ °^, 

S flux - Sc + Sf + ScG 

= J^^""" f d\(nTM2C^yA + jG^yu Tt{X', D^X^) (6.3.6) 

-c{Gi + ^C3 A G4)^yAijKLTr{X' , [X^X^,X^])) . 

We will ai^gue later that c = 2 by comparing the higher order terms in fluxes that are demanded by super- 
symmetry with those obtained because the supergravity background is no longer fiat at quadratic order. 

Now let us supersymmetrise (6.3.6) in a fixed (but gauge-invariant) background. ^° Thus we consider a 
background in which 

£fiux = c GijKL Tr(X^ [X\ X", X^]) , (6.3.7) 



'"Similar calculations appear in [201-203] where the flux-induced fermion masses on D-branes were obtained. 
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where 



i^-(G,.i. 



GlJKL - - — ^^ (Gj + -C3 A G4)fjvAIJKL 



- -t^^ijklmnpqG ^ (6.3.8) 

and GijKL is assumed to be constant. After supersymmetrisation, one finds the lagrangian to be 

-C - X.N=% + -Cmass + -Lflux , (6.3.9) 

where Xa'=8 is the lagrangian (3.1.22) and 

£mass = - ^m%j Tt(X', X') - ^ Tr (W'■'^^ Y) G,jkl , (6.3.10) 

Z It) 

with 

m^ G^ (6.3.11) 

32-4! ^ ^ 

and g2 - G/yj^LG"*^^. 

Next we need to modify the supersymmetry transformations 6 ^ 6 + 6' to accommodate the flux terms. 
One finds that the required choice is 

6'X'^, = 
5'a/« = (6.3.12) 

6'^a = lr'-"'^r''eX^GjjKL . 

Invariance follows if G is self-dual and 

GmnujGkl] - . (6.3.13) 

The superalgebra can be shown to close on-shell. 
We close by noting that setting 

G = nidx^ A dx^ A dx^ A dx^ + dx'' A dx^ A dx'^ A dx^^) (6.3. 14) 

leads to the mass-deformed lagrangian of [204, 205]. This is an interesting extension of the BLG theory 
that we will investigate shortly in its ABJM realisation. 
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6.3.2. ABJM theory 

Let us now consider the more general case of N - 6 supersymmetry and in particular the ABJM [98] 
and ABJ [153] models. Following the discussion of the previous section, we start with 

Sc = j/"' \ cP x(nTM2C^,,;^ + ^Cf,^BTT{DyZA,D^Z'') + ^C^A^'TrCD^Z^.D^Zfi) 

+ yC^vAfi^'' Tr([D^Zo, [Z^, z"; Zd) + jCf^y^'^cD Tr([D^Z^, [Za, Zb; Z^])) . (6.3.15) 

Integrating by parts we again find a non-gauge invariant term proportional to ^^^FvaC/^b which is canceled 
by adding 

5 F - ^e^^-* r d^x C,^B TKZa, KiZ'') + C.a" Tr(Z^, F,,Zb) . (6.3. 16) 

As was the case with the AA = 8 theory, we must also add 

ScG = --^e^"' fd\{C3AG4)f,yAB^''Tr{ZD,[Z^,Z'';Zc]) (6.3.17) 

to ensure that the last term is gauge invariant. Thus in total we have 

Sfiux = Sc + Sf+Scg 

= ^e^"' fd'x{nTM2C^yA 

+^G^/b Tr(ZA, D.Z'') + ^G/.va'^ Tr(Z^, D^Zb) (6.3.18) 



.£(G7 + ^C3 A G4)^,^/^Tr([Zz), [Z^,Z'';Zc])) ■ 



4 2 

Continuing as before, we wish to supersymmetrise the action 

■C = ■Cn=6 + -Cmass + -Cflux , (6.3. 19) 

where ■£n=6 is the AT = 6 Chem-Simons-matter lagrangian Eq. (4.1.19). We restrict to backgrounds where 

£fiux = ^ Tr([Zz), [Z^, Z«; Zc])Gab^'' , (6.3.20) 

with 



i^'te.i. 



Gab - - — ^^' (Gj + -C3 A G4)fjvAAB 



_ 1^ CDGH^EF /-^OOIN 

- -T^ABEFe GH ■ (6.3.21) 
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We can supersymmetrise this term if we take X.mass to be 



ic , 



£mas. = -m^TriZA,Z^) + -Tr(«A^,^f)GA£^^ 



(6.3.22) 



and include the following modification to the fermion supersymmetry variation 



c 



^ ^Ad - -^DfZ^GaE 



We then find that supersymmetry requires 



/=• EBr' FC 16m (^ 

f^AE ^BF - ~(>A- 



It also restricts G to have the form 



/=■ CD ^ cCr' ED 1 cCr' ED 1 cD/^ EC .^ rD/=; EC 
^AB - -ZO^UaE - -ZOa^BE " -ZOg^AE + "ZOa^BE 



with Gae = 0. As a consequence, we find that 



1 



m 



32-4! 



cW, 



where G^ = GGab^'^G^^cd = UGae^'^Gbf'"^. 
Choosing Gab'^^ to have the form (6.3.25) with 



(6.3.23) 



(6.3.24) 



(6.3.25) 



(6.3.26) 



^ BC _ 

^AB - 



% ^ 

/y 

-/J. 

(^ -// j 



(6.3.27) 



gives the mass-deformed ABJM lagrangian of [206, 207]. 



6.3.3. Background curvature 

It is interesting to understand the physical origin of the mass-squared term in the effective action 
Eq. (6.3.22), which is quadratic in the flux. Note that this term is a simple, S0(8)-invariant mass term 
for all the scalar fields. Furthermore it does not depend on any non-abelian features of the theory. Therefore 
we can derive this term by simply considering a single M2-brane and compute the unknown constant c. 

We can understand the origin of this term as follows. We have just seen that it arises as a consequence 

of supersymmetry. For a single M2-brane, supersymmetry arises as a consequence of /c-symmetry and k- 
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symmetry is valid whenever an M2-brane is propagating in a background that satisfies the equations of 
motion of eleven-dimensional supergravity [9]. 

The multiple M2-brane actions impUcitly assume that the background is simply flat space or an orb- 
ifold thereof. However, the inclusion of non-trivial flux implies that there is now a source for the eleven- 
dimensional metric, which is of order flux-squared. Thus for there to be /(--symmetry and hence supersym- 
metry it follows that the background must be curved. This in turn will lead to a potential in the eff"ective 
action of an M2-brane. In particular given a 4-form flux G4, the bosonic equations of eleven-dimensional 
supergravity are 

fif • G4 - ^G4 A G4 = . (6.3.28) 

At lowest order in the fluxes we see that g,„„ = ?7„,„ and G4 is constant. However at second order there 
are source temis. To start, we assume that, at lowest order, only Gjjkl is non- vanishing. To solve these 
equations we introduce a non-tiivial metric of the form 



e^'"/?pv 
gij ) 

I 1 

where oj ^ aj(x') ^ aj{X' /Tl^^) and gjj = gu{x^) ^ gij{X' IT]^^). 

Let us look at an M2-brane in this background. The first term in the action (6.3.1) is 



(6.3.29) 



S\ = -Tm2 I d^Xyj-det{e^'^T]^y + d^x'dyX-'gij) 

- -r„/.=„-(l.i.-.,.V.V...^.) (6.3.30, 

= - r d'xlTMie''^ + ^e'^d^X'cfX'gu + ..] . 

Next we note that, in the decoupling limit Tmi ^ 00, we can expand 

^2^W ^ ^2^(Z'/VT^) ^ 1 + J_(^jjX'X^ + ... (6.3.31) 

Tm2 

and 

giAx) = giAX'l ^Inn) = 6ij + ... , (6.3.32) 
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so that 



5 1 = - id\lTM2 + 3aJijX'x-' + -d^X'&'X^dij + . . . j , (6.3.33) 



where the eUipsis denotes temis that vanish as Tm2 -^ °°- Thus we see that in the decoupling limit we obtain 
the mass term for the scalars. Similar mass tenns for M2-branes were also studied in [208] for pp-waves. 

To compute the warp-factor a> we can expand gmn = rj^n + h,nn, where /i„,„ is second order in the fluxes, 
and linearise the Einstein equation. If we impose the gauge d'"hmn - \dnhP p - 0, then Einstein's equations 
reduce to 

did^e^"" = ^-^G^ (6.3.34) 

and hence, to leading order in the fluxes, 

^2^^ ^ 1 + —}^G^6ijx'x^ . (6.3.35) 

48-4! 

Thus S 1 contributes the term 

5i--Jj3x^^g2x2 (6.3.36) 

to the potential. 

Next we must look at the second term, the Wess-Zumino term, in (6.3.1) 

S2 = ^Jd'xef'''%,A. (6.3.37) 

Although we have assumed that C^vA = at leading order, the C-field equation of motion implies that 
GjfivA - djC/jyA is second order in Gijkl- In particular if we write C^y^ = Coe^vA we find, assuming Gjjkl 
is self-dual, the equation 

did'C^ = ^G^ . (6.3.38) 

The solution is 

Co = ^^:^G%jx'x' . (6.3.39) 

Thus we find that S 2 gives a second contribution to the scalar potential 

S2 = -Jd'x^^G^X\ (6.3.40) 

Note that this is equal to the scalar- potential derived from S 1 in Eq. (6.3.36). Therefore if we were to break 
supersymmetry and consider anti-M2-branes, where the sign of the Wess-Zumino term changes, we would 
not find a mass for the scalars. 
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In total we find the mass-squared 

'"' - ^^' ■ ^6.3.41) 

Comparing with (6.3.13) we see that c^ = 4, e.g. c -2. 



6.4. Dielectric membranes 

Having obtained the explicit form of the N = 6 supersymmetric lagrangian for the mass-defoimed 
ABJM model, Eq. (6.3. 19), we can proceed to study the physics it describes. We recall that the undeformed 
ABJM action is given by the expression 



'ABJM 



+^Tr [z'^ZaZ'^ZbZ'^Zc + ZaZ^ZbZ^ZcZ^ + AZ^ZbZ^ZaZ^Zc - 6Z^ZbZ^ZaZ^Zc) 

(6.4.1) 

where on the first line we have the Chern-Simons gauge field and the matter kinetic terms, while on the 
second we have the sextic scalar potential. Focusing on the purely bosonic sector will prove enough for our 
purposes. 

By splitting Z^ - {R" , Q"), where a - 1,2, the mass deformation (6.3.27) changes the potential to 

V = \M"f + Wl^ , (6.4.2) 

where 

In - 

M" - tiQ" + —{2Q^"Qp(f^ + Rf^R/sQ" - Q"RpR^ + IQ^RpR") 

2n - 

N- ^ -^R'' + —{2R^"RfiRl'UQl'Qf,R''-R"Qf,Ql' + 2R''QfiQ"), (6.4.3) 

which in principle also involves a mass term for the fermions. Note that the expressions in (6.4.3) couple 
R" with Q" and break the SU(4) invariance. Nevertheless, in the full scalar potential (6.4.2), the terms 
that couple /?" and Q" cancel out [207]. As a result, we will keep a different notation for their respective 
indices, with R" and Q" for a = 1,2. We conclude that the R-symmetry is broken down to the subgroup 
SU(2) X SU(2) X U(l). 
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6.4.1. Vacua of the mass-deformed theory 

From the previous sections we see that the supersymmetric vacua of the mass-deformed theory satisfy 

^^MB'^ecDZ" + ([Z^, Z^; Zb] + [Z^, Z^; Z^Jcjf ) €cd = , (6.4.4) 

where Mb'^ has the form 



Mr^ - 



^ 2fi ^ 

2// 

0-2// 

[ -2/1 J 

For maximally supersymmetric vacua we require that this is true for all eco - -^dc 



1 



1 



1 



ZE ryC. 



1 



/E ryD. 



-Mb'-Z'' - -Mb^Z^ + [Z'',Z'';Zb] + -[Z^^ , Z"- ; Ze]6'^ - -[Z^ Z'' ; Ze]6)j = . 



Taking the trace over B, D implies that 



(6.4.5) 



(6.4.6) 



jMb''z''^[Z'',Z'';Ze]. 
Substituting back we find that Eq. (6.4.6) is only satisfied if Mb^Z^ = l/uZ'^ or Mb^Z^ = -l/uZ^. 



(6.4.7) 



Thus the mass-deformed theory has two sets of ground states expressed in terms of the scalars /?" and 
Q". One set corresponds to having Q" = and 7?'' satisfying 



In, 



LiK 

as can be easily seen from (6.4.2)-(6.4.3). This can be solved by the ansatz 



(6.4.8) 



R" = fG" , 



(6.4.9) 



where /^ - jikjln and the G""s ai^e a set of complex, constant, nxn bi-fundamental matrices satisfying 



G" = G^GbGI^ - G^G^G" . 



(6.4.10) 



There exist irreducible solutions to the above equation, explicitly given by [207] 



(G^)ni,l= Vm - 1 Smj 

{G\i,i = yj{n - m) 6m+i,i 
(Gi ),„,/= Vm - 1 6,„j 
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(G2U,/ = V(« - <5/+l,m . (6.4.11) 

Another set has 7?"" = 0, Q" = fG", with the G""s satisfying once again (6.4.10). Moreover, one 
can easily construct reducible solutions using the above irreducible representations to form block diagonal 
matrices with block sizes that add up to n. It is also possible to construct reducible solutions where both R" 
and Q" are turned on, as long as the block components of R"' are zero when the respective ones of Q" are 
not, and vice-versa so that (6.4.10) is satisfied for each block [207]. 

What is the expected physical interpretation of these vacua in the context of M2-branes? By taking 
into consideration the background geometry that gives rise to the mass-deformed theory in the previous 
section, one would anticipate that we have described an M-theoretic version of the "dielectric" Myers eff'ect 
[195]. That is, in the presence of the 4-form flux, the n M2-branes are supposed to puff up into a fuzzy 
(or non-commutative) 3-sphere in the transverse 8-dimensional space, with the non-commutativity scale set 
by \ln. In the large-n limit, the resulting configuration is an M2-M5 bound state and should also admit an 
equivalent interpretation in terms of a single M5-brane wrapping the S^ [209]. In the following we will 
confirm this expectation. 

6.4.2. Geometric interpretation and Hopf fibration 

Let us examine how this picture emerges from the matrices (6.4.11) for our initial configurations with 
R" - fG", Q" - 0. At closer inspection, as seen from (6.4.11), G^ = Gi and one has three real degrees 
of freedom, as opposed to the four needed for the description of the expected 3-sphere. Moreover, the R- 
symmetry of the mass-deformed theory is only SU(2) x SU(2) x U(l) so the 3-sphere cannot be realised in 
the familiar S0(4)-invariant way. 

The key observation is that the following matrix combinations [62] 

J"li = G"Gp and j/ = GaG'^ (6.4.12) 

are n x n adjoint matrices and U(2) symmetry generators. One can extract the SU(2) parts as follows 

Ji = {aifpGaG^ = {ai)%jj = {cTiYJj , (6-4.13) 

where o" are the transpose of the Pauli matrices. The /,■ and /,'s then satisfy the SU(2) commutation relations 

[Ji,Jj] = 2ieijkJk and [Ji,Jj]^2ieijkJk. (6.4.14) 
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Using these relations along with (6.4.10), one finds that the G", as well as all bi-fundamental fields, trans- 
form under the combined action 

JiG"-G"Ji = (crir^G^, (6.4.15) 

and as a result only a single diagonal SU(2) survives as a symmetry of the system. 

In order to further analyse the geometry, one can use the well established fact that the algebra of large 
matrices, transforming in irreducible representations of a given symmetry group, approximates the algebra 
of functions on spaces with the same isometrics. Or conversely, the matrix algebras can provide a finite- 
dimensional truncation/discretisation/quantisation of the continuous, "classical" geometry. Hence, one can 
define to leading order in the large- n limit 

Xj =: — and Xi - — , (6.4.16) 

n n 

which play the role of standai^d Euclidean coordinates on two, at-first-sight-different, 5^'s. 

One can similaiiy define 

g-^91 and g>-^ (6.4.17) 

\n \n 

as some yet-to-be-understood commuting classical objects. In terms of the above definitions, the relations 
(6.4.13) become 

Xi = {cTiTpgl^, (6.4.18) 

i.e. in this limit Xj - Xi and one has two versions of the same Euclidean coordinate on a single sphere. This 
is in line with our previous observation, stating that the solution has only one SU(2) symmetry. 

How does aU this information fit together? The answer lies in recognising that (6.4.18) is nothing but the 
expression for the familiar first Hopf map S^ ^ S from the unit 3-sphere to the unit 2-sphere. Note that in 
the above construction the 2-sphere coordinates x,, x, are invariant under multiplication of the classical ^"''s 
(chosen such that g^ = ^*) by a U(l) phase. Using the latter, one could define some g" = e'^^^g" which 
would then describe a unit S^ with g^g*^ = 1. However, in our case the g"'s are already defined modulo 
such a phase and they ai^e just describing a different parametrisation of the S^ in terms of so-called Hopf 
spinors [210]. 

It is interesting to note that in the same way that the SU(2) irreducible representations /, are "fuzzy" 
coordinates that "discretise" the classical 2-sphere coordinates, defined by xixi = 1, the bifundamental 
matrices G" "discretise" the classical Hopf spinors g". The latter are in fact equivalent to Killing spinors on 
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S^ and the G"'s can be thought of as "fuzzy KiUing spinors". We refer the interested reader to [63, 64] for 
a detailed discussion of their properties. 

6.4.3. Brane interpretation 

The various pieces of our geometric analysis are now falling into place: It is clear that for a dielectric 
M5-brane to be emerging from this picture a la Myers, the S^ that it is wrapping should be realised in terms 
ofanS^^^S^^S^ Hopf fibration. However, in the AB JM model the M-theory direction is modded out 
by the "L^ orbifold action, which in turn implies that the Hopf fibration is instead S^/Z^ "^-^ 5^/Z^ -^ S^. In 
the weak coupling limit, ^ — > oo, the fibre shrinks and this is reflected by the fact that the vacuum solutions 
G" only capture the S ^ base of the Hopf bundle. 

As a result, the emerging dielectric brane is a D2-D4 bound st ate in type IIA on M^' ' x 5 ^ , obtained from 
an M5 on M^'' x S^/I^k in the /: — > oo limit. This can also be verified by a small-fluctuation analysis ai^ound 
the irreducible vacua at large n and leads to an abelian 5d worldvolume theory for the action of fluctuations 
[62, 63]. In turn, the latter also has an interpretation in terms of fluctuations around a D4-brane partially 
wrapping the (fuzzy) sphere with a worldvolume flux that provides the coupling to the D2-brane charge. To 
complete the lift to the full M5-brane description, additional momentum modes along the M-theory circle 
must arise in a manner similar to the discussion in Section 6.1, via U(1)b fluxes in ABJM that give rise to 
't Hooft operators [178]. 

In order to further characterise the D2-D4 bound state, we note that there is a natural invariant that one 

I 
can construct: First, we use Z"^ = Tl-^z^ to convert the Z^ kinetic term of the action (6.4.1) 



-/ 



(PxTiiD^Z^iy'ZA) (6.4.19) 



to the physical form 



Sphys = -Tm2 f d\ TriD^z^D^ZA) ■ (6.4.20) 

Now the z^ are spacetime coordinates with dimensions of length and we can define a "physical radius" for 
the emerging sphere geometry 

R% = ^Tr(z^ZA) - Sn^nf^l ■ (6.4.21) 

This answer in terms of the M-theory constants can be further massaged through the structure of the Hopf 
fibration: In an appropriate parametrisation, for an 5^ radius /?p/,, the fibre has radius Rpf,, while the base 
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S^ has radius^' ^^ph- Since the fibre plays the role of the M-theory circle, it is further modded out by the 
orbifold to give 

Rn = ^. (6.4.22) 

k 

Then, using the M-theory - type IIA relations Rn = gs^s, i]y - (^gs and /^ = jikjln, (6.4.21) becomes 

/?2^^ ^ AnknuRui] = Ann/uRpha' (6.4.23) 

and hence the radius of the S ^ is 

RpH = In/uA , (6.4.24) 

with A = 2na', i.e. for fixed // it is simply a linear function in the size of the matrices n. 

Even though all of the above discussion has primarily been for the case of the irreducible solutions 
that lead to a single higher dimensional brane description, the reducible solutions follow suit: Reducible 
representations of m blocks with ni + nz + ■ . . + n,n = n correspond to concentric configurations of multi- 
centre D4's of different sizes. Of particular interest are the possibilities with m copies of n,„ x n,„ equally 
sized blocks, where mn,„ = n. Since in that case all radii have the same value and the branes are therefore 
coincident, one expects a worldvolume gauge symmetry enhancement U(l)'" -^ U(m). This provides 
a compelling starting point for studying multiple fivebranes in M-theory [178]. Works in this direction 
include [212]. 

It is important to add that our interpretation for the vacua of the mass-deformed ABJM theory can be 
confirmed by means of the gauge/gravity duality. The gravity solutions describing the M2-M5 bound state 
in C^ /Zk, were found in [213] and are given in temis of Z^ quotients of the smooth bubbling geometries 
of [214, 215]. The latter emerge as expected in the ^ = 1 limit, preserve 16 bulk supercharges and are in 
one-to-one correspondence with partitions of n.^^ It can indeed be shown that the evaluation of the index for 
supersymmetric vacua from the gauge theory side at any k reproduces exactly the counting expected from 
gravity, including the partitions of n result ior k = I [220]. 

6.4.4. Fuzzy funnels revisited 

Finally, we can now go fuU circle and reconsider the fuzzy funnel system of Basu-Harvey in the con- 
text of ABJM. Namely we consider n M2-branes ending on an M5-brane. Here the M2-branes are in the 
x°, x\ x^ plane and the M5-brane sits along x", x\ x^, x'*, x^, x^. The M2-branes preserve supersymmetries 
roi2f - f whereas the M5-brane preserves roi3456e = e- Thus the common preserved supersymmetries 



"See e.g. the relevant geometric discussion in [211]. 

'^For k = 1 the mass-deformed M2-brane theory is also related to the BFSS Matrix theory description of IIB string theory on 
the pp-wave [50, 207, 216] and tiny graviton matrix theory [217-219]. 
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satisfy r2e = r3456e. If we let X' , with /' = {3, 4, 5, 6), denote the fluctuations of the M2-branes that are 
tangent to the M5-brane, then we look for solutions where only these are non-vanishing and depend on x^ - 
the direction of the M2-branes that is orthogonal to the M5-brane. It will also be sufficient to set the gauge 
fields to zero. 

Let us consider the BLG theory first for simplicity and look for 5-BPS solutions. Here the condition 
Tae = r3456f is equivalent to T''^'^' e = e^'^'^'^'Y2T^' e. Thus the condition 5^a = can be written as 

= (d^X'^: - j/''^'''f'\X^;X^;xl')^ Y.T^'e . (6.4.25) 

From here we can read off the EPS equation [83, 85] 

dX 1 r I'i^'r' r> 



I'J'K'L'rvJ' vK' vL' 



-TTfi •'"'^[X-' ,X'^ ,X'^], (6.4.26) 



dx^ 3! 

which is essentially the Basu-Harvey equation [56], in this case for just two M2-branes. 

We can of course also do this for the ABJM theory [62, 207, 221, 222]. In this case we need to set 
Z^ = Z^ = 0. We then find (again assuming that the gauge fields vanish) 

- 7^d2Z"€aB + [Z\ Z"; Zy]e^B + [Z^, Z''; ZB\eys , (6.4.27) 

where a,p = 1,2. We can consider two cases. First B = P' = 3,4 which gives 

= 7^d2Z''ea/j, + [Z\ Z";Zy\ec,fi, ■ (6.4.28) 

This teUs us that, assuming y^ea^i - -ea^', 

'-- = [Z^, Z";Zy] - -^(Z^ZIZ" - Z"ZlZ^) . (6.4.29) 

dx^ ' k '^ '^ 

In the second case B = p and we find 

= y^d2Z"eaii + [Z\ Z"; Zy]e,,p + [Z7 , Z^; Zp\eys , (6.4.30) 

Next we note that since on Z^ and Z^ are non-vanishing, and [Z^, Z^; Zg] is anti-symmetiic in 7, 6, 

[Z\Z^;Zp\6ys = 2[Z\Z^-Zp\en 

= 2epAZ\Z";Zy\en (6.4.31) 

= -1{Z^ ,Z";Zy^eai3 , 
133 



where e^Q, = -eap is the two-dimensional ^-symbol. Thus, given Eq. (6.4.29), Eq. (6.4.30) is satisfied if 
T^fff/? - fo-jS and half of the supersymmetries are preserved. 



We are now just left with Eq. (6.4.29). To solve this equation one can use the same bi-fundamental 
matrices as in our dielectric M2/M5 configuration, with the difference that the functional dependence of the 
solution is now in terms of the "spike" direction, x^. Our ansatz is 

Z" = f{x^)G" , (6.4.32) 

where the G" satisfy Eq. (6.4.10). We then find the simple equation 

so that, ignoring the free translational zero-mode along x^, 

[T 2 

As discussed in Section 2.2 this reproduces the correct behaviour for both the radial profile and the energy, to 
account for the self-dual strings on the M5-brane worldvolume. Furthermore one can consider an M-theory 
version of the Nahm construction for self-dual strings [223-226]. 
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7. Superconformal CS theories with reduced supersymmetry 

In the previous chapters, we studied the N = 8 and N = 6 superconformal Chem-Simons theories 
in three spacetime dimensions. We found that the most general such theories could be described in terms 
of 3-algebras. For the case of N = S, the 3-algebra structure constants turned out to be real and totally 
antisymmetric, 

rabc f[abc] / rabc \* rabc 

J d=J d, (/ d) -I d- 

For the case of N = 6, the constants were found to be complex, obeying 

fab _ _ fba _ _ rab / fab \* _ fcd 

J cd — J dc — J cdf \J cd) —J ab ■ 

In each case the structure constants obey a fundamental identity, the analog of the Jacobi identity for an 
ordinary Lie algebra. In this section we consider three-dimensional Chem-Simons theories with N - 5 and 
N - A superconformal symmetry [153, 206, 227-229]. We will see that they too are described by a set of 
3-algebras [101, 113, 115, 230-236]. In this section we closely follow the presentation of [101]. 

7.1. Superconformal CS theories with N - 5 

We stait with the case of N = 5. For N = i and N = 6, the R-symmetry group is S0(8) and 
S0(6) ^ SU(4), respectively. For N = 5, the R-symmetry group is S0(5) =^ Sp(4). Therefore we take 
the supersymmetry parameter £ab to be a spacetime spinor in the five-dimensional anti-symmetric tensor 
representation of Sp(4), with 

e^' = -e'\ e^'c.AB = 0, (7.1.1) 

where A,B = 1, ...,4 and coab is the invariant anti-symmetric tensor of Sp(4), with co'^^ojec = S^c and 
10^^ = (ojab)*. The Sp(4) indices are raised and lowered using the antisymmetric tensors a;'*^ and ojab, 
respectively. In particular, this implies 

eAB = coAccoBoe'^^ , (7.1.2) 

where eAB - {e^^T- 

For the N = 5 theory, the matter fields are in the four-dimensional spinor representation of Sp(4). 
The bosonic fields are scalars, which we write as Z^, where A = 1, ...,4 and the index a runs over the 
gauge group. The fermionic fields are spacetime spinors, which we write as ^P^q. The fields obey reality 
conditions, 

{zy =21 = -r'cOABZ^ 

CVAaT - ^^" = -r'oJ^'^'i'Bb , (7.1.3) 
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where ojab is the Sp(4) invariant tensor, and Jah is an invariant (anti-symmetric) tensor of the gauge group, 
with J''^Jhc - -5'^c- The minus sign in the second term is chosen to render the constraint consistent with 
the N = 5 supersymmetry transformations. 

With these conventions, the N = 5 supersymmetry transformations take the following form 

S'i'Dd - y''eADD^ZJ+h"'"jZ^ZJ^Z^€ABCODC+ f''"dZ^Z^Z^€DCCOAB, (7.1.4) 

where the gauge-covariant derivative is given by 

Df,ZJ = df,ZJ-Af,''dZ^. (7.1.5) 

The tensors h"''"' - oj'^'h''^'=e and f^"^ - oj'^'f'^'e are real with 

(/l"^"')* = habcd ^ OJaeOJbfOJcgOJdhh"^^'' 

if'"')* = jabcd = OJaeOJbfOJcgOJ,lrff''\ (7.1.6) 

and, without loss of generality, they are anti-symmetric in their first two indices. 
Closing on the scalar, we find 

[6i,S2]ZJ - v^D^Z^ + A"rfZ^, (7.1.7) 

with 

A", I = ih"''',,ZJ^Z^ajDcel'2^ei^BF , (7.1.8) 

and 

f'''d = \ih''"d-h"''d). (7.1.9) 

This implies 

S^Dd = Y^^AdD^Z^ + h" ^ dZaZf^Z^ eAB<^DC - h"'^ dZaZfjZ^ eDC(^AB ■ 

Closing on the fermion gives 

[<5l , 52Y¥Dd = V^D^^Dd + A"d^Da - ^eff ^ADEcd + j(ef''rve2AB)/£M , (7. 1. 10) 
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with the following femiion equation of motion: 

Eod = yO^^Dd - h'''',C¥DcZ^Z^ + ^DbZ^Z^)caAB + Ih'^'"' dQV AbZf,Z^ + ^acZ^Z^)cjdc = . 
For these results to hold, the gauge field must transform as follows, 

M/rf = -Kh"'", + h"''\i)u^''-eEcy,'i'BbZ^ . (7. 1. 1 1) 

Closing on the gauge field imposes additional constraints: 

h"'',{h^'^f + h^^''f)ZXz^ZJ^ajADOJBC - 
h"'',{h^''^f + h^^'f)Z^ZJ^Z^Z^hBnr^2]CD - 0. (7.1.12) 

The N = 5 fundamental identity must be such that these constraints are satisfied. 

Up to now, we have worked in complete generality. To proceed further, we impose additional symme- 
tries on the structure constants h"'''^^. One choice is to take 

h"''dJce - fed - -fed = -f\c . (7.1.13) 

The notation suggests that the fed are structure constants of the N - 6 3-algebra, and indeed the con- 
straints (7.1.12) can be shown to be satisfied on account of the N = 6 fundamental identity (3.2.6). 

It is not hai^d to show that this AT = 5 is just an AT = 5 subalgebra of AT = 6. We first use the constraint 
(7. 1.3) to eUminate wab and Jab from the lagrangian and transformation laws. We then remove the constraint 
so that Z^ and *P'*'' become the unconstrained complex conjugates of Z^ and ^Aa- With this interpretation, 
the transformations (7.1.4) are precisely those of N = 6 supersymmetry algebra, 

6Z^ - /e^^^Drf, 

S^Dd = y^eAoD^Z^i + f" cdZaZijZ'^eBD+ f"\dZaZiyZ'jjeAB 

SA/d - -ifcd{e^^7^'i'BbZ'c + €Bc7,.'i'^'Z^). (7.1.14) 

Indeed, the "sixth" supersymmetry transformation, with e^B = -iojab^, is explicitly broken by the constraint 
(7.1.3). When the constraint is removed, the full supersymmetry is restored. 

A second choice for the structure constants is to take 

n d=g d-g d, (7.1.15) 
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where 

„acbd _ „cahd _ „bdac 



(7.1.16) 



This choice generates a set of A/^ = 5 theories that are not restrictions of N = 6. The conditions (7.1.12) are 
satisfied if 

/"^^^^ - (7.1.17) 

and 

Jgj(g"^''^gj''^'^ + g"fsdghjhc ^ gOfhg^jdbc ^ gOfgc^hjhd^ ^ Q (7. 1. 18) 

Equation (7.1.18) is nothing but the N = 5 fundamental identity. 

The N = 5 supersymmetry transformations are found by substituting g"'^'^d for h"'"^^ in (7.1.4), (7.1.10) 
and (7.1.11) [101, 231] 

6Z^ = i-e^'^^Dd 
S'i'Dd = y^eADD^,Zyg''''',Z^Z^Z^eDBOJAC+ 2g''''dZ^Z^Z^eAccaDB 
6A^% = ^ig^'^J'^Ecyix'^BhZ'^,. (7.1.19) 

These transformations close into a translation and a gauge variation, with parameter 

A^/ = -\g'"\iZlz'^,uyDC-^^^e,^j,T,. (7.1.20) 

They also leave invariant the AT = 5 lagrangian [231] 

L = -D^'ZlD^Z^-m'^"y^'D^^Aa-V + £cs 

- 3ig"'^'' UABOJCD iZ^Z^'i'^^'^ - 2ZX*c ^^) (7-1-21) 

up to a total derivative, where 

V='j'^'iBc'^f^ (7-1-22) 



with 



•rABC _ „ahC I7A7B7C , 1 fiCryAryDry 1 ^T 1 TON 

\/ -S d\Z,,Z^Z^ + -oj Z^Zi^Zdc]- (7.1.23) 
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7.2. N = 5 gauge groups 

In this section we construct N = 5 gauge theories, built from the symmetiic structure constants g"'"^d, 
with gauge transfonnations 

6Z^ = A'',Z^=g'"\,AtcZt (7.2.1) 

We will see that there are a host of such theories, including some with free parameters or exceptional gauge 
groups, in vivid contrast to A/^ = 6 or 8. 

We start by constructing a set of g"^"' = J'^^g"^^'''^ that lead to an Sp(n) x SO(m) gauge group. There are 
four combinations of the invariant tensors of Sp(?2) and SO(m) that have the symmetries (7.1.16): 

^aibjckdl ^ ^^ac^hd _^adghcyijjkl ^j ^.l) 

^aibjckd, ^ (fkjjl + jjkjil^^ab^cd 
^i±)aibjckdl ^ ^^acgbd ^ gadgbc^^jikjjl ^ jjk jil^^ 

where /, j, ... = 1, ... n are Sp(?i) indices, and a, b, ... = 1, ... m ai^e SO(m). However, there are only two linear 
combinations that satisfy (7.1.17) and the fundamental identity (7.1.18): 

„aibickdl ^^ \ aibjckdl aibjckdn /n 1 1\ 

aibjckdl _ _'^\ {+)arbjckdl (-)aibjckdn 



Let us look at the first case first. The structure constants are 

^aibjckdl ^ _^ [(<5"^<5^'' - 5"''5^'')fU^^ - S"''6"\f^JJ' + JJ'^f')] . (7.2.4) 

They give rise to the following gauge transformation: 

- -y [iKjdk - A,jak)P'j'' - 5"\Pf' + f'P')At,jbk] Z%. {1.1.5) 

The two terms are Sp(n) and SO(m) transformations, respectively, with matter in the fundamental represen- 
tations of each [153, 229, 230]. 

For the second case, the structure constants are simply 

^aibjckdl ^ _^ \jikjjlgac^bd ^ jiljjk^ad^bcl _ (72.6) 

k L J 
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The indices are in standard direct product form, so the theory has gauge group Sp(mn), with matter in the 
m«-dimensional fundamental representation. 



For the special case of S0(4) x Sp(2) - S0(4) x SU(2), it is possible to add another term to the structure 
constants [229,230]: 

aibjckdl _ _ _ [ aibjckdl _ aibjckdl _^ ac"^"^^ fJ jl^'] (1 2 1) 



Here ef'^'^'^ is the totally antisymmetric S0(4)-invariant tensor. The resulting g'"^J'^^''i satisfy (7.1.17) and the 
fundamental identity, for any choice of the parameter a. The gauge group is S0(4) x SU(2) for a t oo. In 
the limit a — > oo, the gauge group is S0(4), and the resulting theory lifts to N = 6 and 8. 

There are also two "exceptional" theories with N = 5. The first arises from the tensor 

aibjckdl _ __ [aibjckdl _ aibjckdl nr^abcd jij jW^ ,q 9 S^ 

where a, b, ... = 1, ... 7 and /, j, ... = 1, 2 are S0(7) and SU(2) indices, respectively. Here C"'"^'^ is the totally 
antisymmetric tensor that is dual to the octonionic structure constants^^ Cefg, 

(.abed ^ 1. abcdefgf. (72.9) 

3! 

The tensor (7.2.8) satisfies (7.1.17) and the fundamental identity for/3 = or^S = 5. 

WhenyS - 0, the g'"*M^" are just the Sp(2) x S0(7) stmcture constants discussed above. WheuyS - \, 
the gauge group is G2 x SU(2). In this case, the structure constants take the form 

^aibjckdl ^ [(5«^<5^'/ _ S^dghc ^ _fjabcdyjjkl _ ^ab^cd^jikjjl ^ jjkjil^j^ (7.2.10) 

with /, j, ... = 1,2. The gauge transformation is then 

gZAdl = ^bjckaidl ^^,^^zA^ 

= - y yj^d^^d"^ - 5^'' 6'" + -C''""^)jJ''Abjck - d"\jJ'j''' + j'"'jJ')Abjbk] ■ (7.2. 1 1) 

The second term is clearly an SU(2) transformation. The first is a G2 c S0(7) transformation, as can be 
seen by recognizing that the operator 

- (6''''d"^ - 6"'6'"' + -( 
3\ 2 



rpabcd ^ _ I gabbed _ gac^bd ^ _^abcd j (7.2.12) 



''For a concise introduction to G2, SO(7) and the octonions, as well as a host of useful identities, see Section 2 and Appendix A 
of [237]. 
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is a projector from the adjoint 21 of S0(7) to the adjoint 14 of G2, 

^i^Cfc,, = 0. (7.2.13) 

This proves that the gauge group is G2 x SU(2), recovering the result found in [229, 230]. 

The second exceptional theory has S0(7) x SU(2) gauge symmetry with matter transforming in the 
spinor 8 of S0(7) [229, 230]. The structure constants are 



^aibjckdl _ _^ 



gabbed ^jikjjl ^ jjkjil-^ _ Kcibycdjijjkl 



(7.2.14) 



where a,b, ... = 1, ... 8 and i,j, ... = 1,2, and F"^ = ^{TmTn - r„r„,)"'' is built from the S0(7) gamma 
matrices. The stmcture constants have the correct symmetries and satisfy the fundamental identity. The 
gauge transformations are 



6Z = g ■' ^bjckZ^i 

= __[5«^(yy>/' + 7^'7^')A,,-M- -7''rf„lr;;y^-^A,,,,]z„^.. (7.2.15) 

The gauge group is S0(7) x SU(2), with the matter fields transforming in the spinor representation of each. 

In fact, the N = 5 theories presented here are in one-one correspondence with the Lie superalgebras 
OSp(m|«), D(2|l; a), G(3) and F(4) [227, 230, 231, 233, 238]. The 3-algebra structure constants can be built 
from the superalgebra structure constants as follows, 

g"''' = hUT'"%j''){^''fj'^) , (7.2. 16) 

where h,„„ is the invariant quadratic form on the algebra. The g"^"' obey the correct symmetries because 
^ma^jbe _ ^mb^jae^ They Satisfy the N - 5 fundamental identity because of the t"'"/, satisfy the superalgebra 
Jacobi identity. 

7.3. Lifting N ^5 to N ^6 

In this section, we show how to lift two theories with N = 5 supersymmetry to N = 6, along the lines 
of the lift from N = 6 to N = S. In particular, we lift the N = 5 theories with Sp(?i) x S0(2) and S0(4) x 
SU(2) gauge symmetry to N = 6 theories with Sp{n) x U(l) and S0(4) gauge symmetry, respectively. As 
we showed previously, the latter theory can then be hfted to A/^ = 8 [101]. 
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To carry out the lifts, we first define unconstrained complex-conjugate scalar fields Z.^ and Z^^, 

Z\ = Zl'-iZf. (7.3.1) 

Supersymmetry then requires that the superpartner Saq be defined as follows: 

Saa = *Aal + i'^Aal 
■^*Aa _ xpAal _ jx^Aal /-y o 2) 

The indices 1 and 2 refer to either S0(2) or SU(2), while a refers to Sp(«) or S0(4), respectively. The 
definitions 

z-' - -ojABr's'^z^j 

^Aai ^ -oj^'^r'^d'^^shj [for Sp(?i) X S0(2)] (7.3.3) 

and 

Z-' - -ojabS^'s'Jz^j 
^Aai ^ -oj^'^6"''E'J'¥Bbj [for S0(4) X SU(2)] (7.3.4) 

allow us to write the complex-conjugate expressions (7.3.1) and (7.3.2) in terms of the original fields. Note 
that this construction only works when one of the N = 5 gauge groups is SU(2) or S0(2). 

We first consider the theory with Sp(?i) x S0(2) gauge symmetry, where a,b,... - 1,... n are Sp(«) 
indices, and /, j, ... = 1, 2 are S0(2). The conjugate scalar Z^^ takes the form 

Zl = -ojabJ"\z^, - /Z« ) , (7.3.5) 

and likewise for the conjugate spinor E*^". With these definitions, the N = 5 transformations, with 

^aibjckdl ^ 1^ t^^ik^jl _ gil^jkyabjcd _ gij^kl^jacjbd ^ JbcJad■^^ ^ ^j ^ ^-^ 

3k L J 

coincide with the N = 6 transformations, with 

fed - -Y [J"'J^'^1 + (^c<5^ - <5>')] , (7.3.7) 
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for five of the six supersymmetries. 

To find the sixth, we plug e^B — * -iojabV irito (7.1.14) and collect terms. After some calculation, we 
recover: 

S^Ddi = -iy^CL>ADr]DijZ^, + if"^cd{(^AB(^CD - ojaco^bd) X {sikSji + SjkSii + i6ijEki)Z^iZJ^jZf'' r] 
6A/"" = if'-^'ifjy^^BtjZ^t - VYM'i'BckZl^jXSJ'e'' + s^'s'') , (7.3.8) 

where s'J is the antisymmetric, invariant tensor of S0(2). This is the extra supersymmetry transformation 
that lifts the N = 5 theory with Sp(?i) x S0(2) gauge symmetry to the N = 6 theory with Sp{n) x U(l). 

Finally, we consider the N = 5 theory with S0(4) x SU(2) gauge symmetry, with g'"*M^" given in 
(7.2.7), in the limit o- ^ oo. In this limit, the structure constants reduce to 

^aibjckdl ^ ^e^^crfgOgW^ (7_3_9) 

where a,b, ... = 1, ... 4 are S0(4) indices, i,j, ... = 1,2 are SU(2), and e'^ is the antisymmetric, invariant 
tensor of SU(2). We first compute the gauge transformation. Using (7.1.8), we find 

(JZ^ ^ as"'"'eJ's"AtjckZ^.. (7.3.10) 

This is a pure S0(4) gauge transformation (the SU(2) is not gauged in this limit). Equation (7.3.10) suggests 
that the S0(4) x SU(2) invariant N = 5 theory, in the a ^ oo hmit, can be lifted to the S0(4) theory with 
A^ ^ 6 and 8. 

We now construct the lift. We first define the complex-conjugate scalars J^^ and Z^^. For the case at 
hand, Z^^ is 

ZAa - -ioJABSabiZ^i - iZ^i) (7-3-1 1) 

and likewise for the spinor E*^". As above, it possible to show that the N = 5 transformations, with 

^cnhjckdl ^ ^^abcd^ij^kl^ (7.3.12) 

3k 



coincide with the N = 6 transformations, with 



?7r 
jrabcd ^ ^abcd^ (7.3.13) 

k 



for five of the six supersymmetries. 
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The sixth supersymmetry is derived in the same way as before. Plugging 6ab -^ -i(^ABV into (7.1.14) 
and collecting terms, we find: 

Ajr 

S^Ddl = -iy^ojADVDi^Zdi- Y^"''"' '^^BOJcDSikSjiZ^.ZJ^jZgr] 
SA/'' = i-s"''^'e'^frY,^BbjZ^j- (7.3.14) 

Note that the interaction term explicitly breaks the global SU(2) symmetry. The transformation is just what 
we need to lift the N - 5 theory with SU(2) x S0(4) gauge symmetry, in the a ^ oo limit, to the N - 6 
theory with S0(4) gauge symmetry. In Section 3.3.1, we showed that this theory can again be lifted to 

7.4. Superconformal CS theories with N - 4 

In this section we use the results of the previous section to construct three-dimensional superconformal 
theories with N - A supersymmetry. We exploit the fact that the N = 4 R-symmetry group is S0(4) - 
SU(2) X SU(2). Following Gaiotto and Witten [227], we take the bosonic matter fields Z^ to be in the (2, 1) 
representation of SU(2) x SU(2), and the spinor fields ^^^, to be in the (1,2). The notation is such that 
A = 1, 2 spans the spinor of the first SU(2), while A = 1,2 spans the spinor of the second. Indices are raised 
and lowered with the antisymmetric tensors e^^, eab - (s^^T and s^^, s^^ = (e^^)*, with e^^ebc = S^c^ 
and likewise for the dotted indices. ^^ 

For N = 4, the supersymmetry parameter is a vector of S0(4), or equivalently, in the (2, 2) representa- 
tion of SU(2) X SU(2). Therefore we describe the supersymmetry parameter by a 2 x 2 matrix 



^aA 



a a 

-b* a* 



rf^ = .- V^,, = 



—b a 



(7.4.1) 



With these conventions, the bosonic supersymmetry transformation takes the following simple form, 

dZ^ = ifj^^^Ad ■ (7-4.2) 

The index d runs over the representation of the gauge group, exactly as in A/^ = 5 and N = 6. 

The allowed gauge groups are determined by the 3-algebra structure constants. There are essentially 
two choices, depending on whether the fields are real or complex. For real fields, the gauge groups turn out 



'■*Note that the dotting of spinors has nothing to do with complex conjugation. 
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to be those of N = 5, while for complex fields, they are those of N = 6. 

To see how this works, we first consider the case with complex fields. We map the N = 4 fields into the 
N = 6 fields as follows: 



fyA\ 



vO. 



^0^ 



•P 



Aa, 



»P 



Aa 



/ — \ 
^A 




^ ^A 


V / 


' 






^XJ,^ 


\nAa 





Aa 



(7.4.3) 



where the R-symmetry indices run from 1 to 4 in the case of N = (i, and from 1 to 2 for A/^ = 4. In a similar 
fashion, we embed the N = A supersymmetiy pai^ameters in the N = 6 parameters as follows. 



?7^^^ 

[-(TJ^)^^ 



e^^ 



[-W) 



AB 



riAB 




fAB , 



(7.4.4) 



which amounts to defining rf^ - -rj^^, and likewise for the lower indices. With these conventions, it is not 
hard to extract the N = 4 supersymmetry transfomiations from (7.1.14), 



SZj 



6'¥ 



Dd 






M/, 



fi d 



cab 



7,CB 



CCryB^ 



-ircdify.'^BhZ'c + flscJ.'V^'Z',) 



(7.4.5) 



These transformations close when the f'^cd are the N = 6 structure constants. In Chapter 3 we found the 
allowed gauge groups to be SU(?i) x SU(?i), SU(?i) x SU(m) x U(l) (when n + m), and Sp(n) x U(l). 

When the fields are real, we proceed in a similar fashion. We take the reality condition to be 



{z^j = 21 = -r'sABZj^ 



(7.4.6) 



where 7"^ is the antisymmetric invariant tensor introduced previously. As above, we extract the N = 4 
supersymmetry transformations from those of N = 5. 

To find the transformations we must embed the SU(2) invariant tensors into the invariant tensor of Sp(4). 
We choose 

(sab o] r^^^ ■ 







^Ab. 



ojab , 





£^^ 



AB 



0) 



(7.4.7) 
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where the index conventions are as before. The supersymmetry parameter remains as in (7.4.4). 



With these conventions, the N - A supersymmetry transformations can read directly from (7.1.19). We 



find 












(7.4.8) 



where the g"'^'''d are the N = 5 structure constants. The supersymmetry transformations close because the 
^"^'rf enjoy the correct symmetries and obey the N = 5 fundamental identity. The gauge groups are those 
of A^ - 5, namely Sp(«) x SO(m), S0(4) x Sp(2), G2 x SU(2), and S0(7) x SU(2). 

The Gaiotto-Witten models can be readily generalised by exploiting the fact that the N = A R-symmetry 
group contains two completely independent SU(2) factors [206, 228]. To see how this works, we embed the 
N - A fields in the N = 6 fields as follows: 





zf 


-^ Z^ 


^A 


^ ^A 




7A 




Z" 




\— ^/ / 


^ A-' 


^Aci 




'^A« 






~* ^Aa 




-^ 4"^ 


\ 


^Aa\ 




xijAa 





Aa 



(7.4.9) 



where the R-symmetry index runs as before, but now the gauge indices are free to run over different values 
for each of the SU(2) factors. In the literature, the Z^ are called hypermultiplets, while the Z^ are sometimes 
called "twisted" hypermultiplets [228]. 

Formally, one can extract the N = 4 supersymmetry transformations from those of AA = 6 and N = 5. 
For complex fields, one finds 



6Z^ - 



sz 



<5T, 



5T 



Dd 



l^ ^Dd 
"7 ^Dd 



vAryB-yC 



db 



7 A ryB ^'C , 



rab 



7 A ryB vC . 



bd ^ y^AbD/iZ^ + /" cdZa Z^ Z^775o + f tdZi, Zy Z\r]j^t) - V" cdZ^, Zy Z^TJ^A 



rrioAD^ZJ - r^,^zfzfe7?^5 - ff'^^Z^Z^DB + If^^^lXz^o^lAB ^ (7-4.10) 



and likewise for the gauge fields. The structure constants are purely formal because the dotted and un- 
dotted gauge indices mn over different values. Nevertheless, it has been shown that the supersymmetry 
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transformations close into the N = A algebra precisely when 

f\d - /l„,„r"-,T"^ , f\^^ = /«,;, - h^„T^',T^''^ , (7.4.11) 

where the t^"c are structure constants of the Lie superalgebra 0Sp(2|n) or \J(n\m) (or its relatives SU(m|«) 
and PSU(nj|?i)), and /i,„„ is the invariant quadratic fonii [239]. The structure constants obey all the necessary 
identities because of the superalgebra Jacobi identities. When the dotted and undotted indices are identified, 
the transformations describe the N = 4 subalgebra of N = 6. 

A similar story holds when the fields are real. The reality conditions are 

(ZJr = Zj - -/''fiAflZf. (7-4.12) 

and likewise for T^j and ^p^- Here 7"^ and J"'^ are antisymmetric tensors, possibly of different dimensions. 
The supersymmetry transformations can be extracted from those of N = 5, 



6z^ = in^^'v^, 

^zj = -in^'^^, 



^"^m - yrj^DD,Z^+f'^,zXz^nBb^AC-^g'''dZizlz^r,cAO>^i, 
S'i'od - -y'^DAD^ZJ - g'^'^zizfz'^iij.t.sj.c + ^g''''^Zf,Z^Z'=T^^c^DB , 

and similarly for the gauge field. As before, N - A closure occurs when 

f^'d = h„nJ'^jf''l^%T"'^f , g"^''' = KnJ'^jf^T^^T^^i , (7.4. 13) 

where the t'^^c are structure constants of the Lie superalgebra OSp(?i|m), or one of the exotics D(2|l;a), 
G(3) and F(4). As before, the dotted and undotted indices can run over different representations of the 
superalgebra. 

The N = 4 construction gives rise to a host of models. For Gaiotto-Witten theories, with just hyper- 
multiplets, the story is relatively clear. The only possible theories are those of N = 5 and 6, with all matter 
fields in the same representation of the superalgebra gauge group. The \J(n\m) and OSp(«|m) theories can 
be described by a quiver diagram with a single link, as shown in Fig. 3a. The hypermultiplets are in the 
bifundamental representation, joining the two gauge groups. 

For more general theories, containing both hyper and twisted hypermultiplets, the story is more inter- 
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a) 



b) 



^.y-i^2. 



©-zA.<5hr(5>;A.<5M5) 



Figure 3: a) A simple quiver from Gaiotto-Witten theory with hypermultiplets. The gauge groups can be Gi = U(«i), G2 = V(n2) 
or Gi = Sp(iii), G2 = SO(«2)- b) A longer quiver from a theory containing both hyper and twisted hypermultiplets. The gauge 
groups can be G, = U(;3,), Gj = \](nj) or G, = Sp(n,), G,+i = SO(n,+ i). The quiver can also be closed into a circle. 

esting. Since the dotted and undotted indices are independent, they can span different representations of 
the superalgebra. For \J(n\m) and OSp(«|m), one can exploit this fact to construct quiver theories, with the 
hyper and twisted hypermultiplets in bifundamental representations of the gauge groups [228]. In essence, 
the twisted hypers link together different Gaiotto-Witten theories, as shown in Fig. 3b. At its heart, this 
construction works because for N - A, the hypers and twisted hypermultiplets transfonn independently 
under the two SU(2) factors of the R-symmetiy group. 
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8. Further 3-algebra directions 

In this review we have emphasized the 3-aIgebra approach to classifying supersymmetric gauge theories 
in thi^ee dimensions. We found that it leads naturally to a description of multiple M2-brane systems. Even 
though one can recast the former in terms of conventional gauge theory language, the presence of 3-algebras 
is intriguing and one might wonder about their deeper connections to string and M- theory in general. 

In this chapter we will briefly discuss some alternative and interesting applications of 3-algebras less 
directly related to M2-branes. These will include 3-algebras with Lorentzian signature, their use in obtaining 
higher-derivative corrections to membrane theories, and the emergence of 3-algebras in a six-dimensional 
example. 

8.1. Lorentzian 3-algebras 

In Section 2.1 we saw how to transform the field theory for a single D2-brane into an M2-brane field 
theory. In the process, a vector field is exchanged for its dual scalar. Because this applies to a single brane, 
the operation is known as "abehan duality." One may wonder whether the same process can be carried 
out starting with multiple D2-branes, and performing something like a "non-abelian duality." This would 
perhaps provide an alternate route to finding multiple membrane field theories. 

As we will show below, this is possible using an elegant generalisation of abelian duality. Moreover the 
resulting theory has a 3-algebra associated to it, and turns out to be precisely the N = S theory described 
in Section 3.1 - but with Lorentzian signature in field space. This change of signature evades the N = S 
uniqueness theorem, so the structure constants are no longer restricted as in Eq. (3.1.26) [240-242]. 

Let us now describe this non-abelian duality, at first in the usual tt' — > limit of the multiple D2-brane 
action [243]. We start with N = S supersymmetric Yang-Mills theory in 2-i-ld, based on any simple Lie 
algebra 0. Next, we introduce two new adjoint fields, a vector B^ and a scalar ^. The non-abelian duality 
transformation [244] is 

- j^F'^'F,, ^ \e^''B,F,, - \ {d,4, - gyMB.f , (8. 1. 1) 

where D^ is the co variant derivative with respect to A. 

To prove that the right hand side of the above is equivalent to the left hand side, note the existence on 
the RHS of a new noncompact abelian gauge symmetry in addition to the usual gauge symmetry Q. The 
new symmetry acts as 

6(f> = gYMM, 6B^ = D^M, (8.1.2) 
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where M{x) is an arbitrary matrix in the adjoint of G. Now let us use this symmetry to set ^ = 0. Then 
integrating out B^j gives the usual Yang-Mills kinetic term for F^y. 

After the duality transformation, the action of the original N = S super- Yang-Mills theory becomes 

L = Tr(ie^^'^B^Fw - ^(Z)p0 - gYAiB^f - ^D^Z'Zy Z' - Sml [x', X^f + fermions) . (8.1 .3) 

This still only has S0(7) invariance, while the expectation (as in the abelian case) is to obtain S0(8) invari- 
ance in the end. To this end, we rename as X^. By defining a constant vector gyM^ = (0, . . . , 0, gyM), we 
can unify all the scalar kinetic terms as 

- ^D^X'D^X' = -\ (di^X' - [A,, X'] - gYM'B^f . (8.1.4) 

Let us now replace gyM^ by an arbitrary 8-vector of magnitude HgyM^II = gYM- As a result the kinetic 
terms become formally invariant under an S0(8) that acts simultaneously on the fields and the coupling- 
constant vector. This is not a true symmetry of the theory but instead can be used to rotate gyM^ back to its 
original form. Therefore we so far have changed nothing from Yang-Mills. 



Similarly the interaction term can be written in a formally S0(8)-invariant way 

.2 

\x' xJi^ ^ 

12 



^™ {X\ X^f = 1 [gyM'{X\ X^] + gyM^iX'', X'^ + gyuV, X'])^ . (8.1 .5) 



Again, one can rotate the vector gyM^ by an S0(8) transformation back to the fomi (0, . . . , 0, gyj^) whereupon 
the interaction term becomes that of the original Yang-Mills theory. 

The final step is to promote the vector gyM^ to a new scalar field. Introduce an 8-vector of new (gauge- 
singlet) scalars X+ and make the replacement 

gyn'^Xiix). (8.1.6) 

This is legitimate if and only if X[{x) is rendered constant via an equation of motion, in which case we 
recover the original theory on-shell by writing {X{} = gyM^ ■ Constancy of X( is imposed by introducing a 
new set of abelian gauge fields and scalars: Cjj,XL and adding the following constraint term to the lagrangian 

Lc = {C'^-d^X'_)df,Xi. (8.1.7) 

This lagrangian in turn has a shift symmetry 

SXL^A', SC'^ = df,A', (8.1.8) 

150 



which, since it acts as an abelian gauge symmetry on C' removes the negative-norm states potentially 
associated to that field. 

We have thus ended up with the action 

L - Tr(ie^^'^fi^Fvi - ^D^X'D^X' - ^ {xi[X\ X'^] + Xi[X'^ , X'] + Xf[X', X^]f ) 

+ (C — Cf A_)o^A_|_ + -Lgauge-fixing + -i-fermions ■ (8.1.9) 

As the notation suggests, + and - correspond to null directions in field space, as we will next explain. 

In fact the above action is a 3-algebra action with N = S supersymmetry but based on a Lorentzian- 
signature 3-algebra: The interactions depend on the triple product 

X"^ = X|[Z-', Z^] + Xi[X^, X'] + Xf[X', X-'] . (8.1.10) 

Thus the 3-algebra structure constants are 

f+abc _ Tobc f-abc _ j-{ — ab _ rabcd _ A (^8 111"! 

where /"^^^ are the structure constants of the original Lie algebra Q. A detailed study of 3-algebra theories 
with two or more time-like directions can be found in [ 1 1 1 , 1 14]. 

The above action, Eq. (8.1.9), has manifest S0(8) invariance as well as AA = 8 superconformal invari- 
ance [245, 246]. However, both are spontaneously broken by giving a VEV (X|) - gYM' and the theory 
reduces to N = S Yang-Mills with coupling HgyM^II- The final theory has seven massless scalars, which can 
be thought of as the Goldstone bosons for the spontaneous breaking S0(8) -^ S0(7). 

The derivation of 3-algebras via non-abelian duality is striking. Unfortunately, in the end the theory 
so obtained seems to be just the original one re- written in a new way. To actually describe M2-branes we 
would need to find a way to take the VEV {X^} — > oo and this has not yet been understood. ^^ 

Another interesting application for a class of 3-algebras with q+l time-like directions follows from the 
fact that the resulting BLG model can be identified with D(2 -i- ^)-branes on T'' [250, 251]. In particular, 
consider the 3-algebra with generators {Tl, T'^ , T'^', T~, T' j) where i,j = 1, ..,q, m e Z^ and totally anti- 



^^A related discussion can be found in [247]. Interesting connections to ABJM theory tiave been investigated in [248, 249]. 
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symmetric triple product whose non-vanishing components are 



rT-'+ 'T' + l 7^(^ "1 


-- m'TZ 

m 


[T\T"^,T^^] -- 


-- m'T-'h^'S^^., + if\T 


\T^,T^,T^ -- 


= -if "T 5^+,-j+^jg , 



\+fl 



(8.1.12) 



where f"^c are the structure constants of a Lie-algebra Q. This satisfies the fundamental identity. Further- 
more an invariant inner-product is given by 

{T^,T-} = 1 
(T^\T-j) - 5) 

1 



<n,r^> - h^'sa,-,, (8.1.13) 



with all other terms vanishing and h"^ the usual invariant metric of 0. Expanding the fields in term of the 
generators one finds that again the components parallel to T~, T^S satisfy a shift symmetry that can be 
gauged to remove them as physical fields [245, 246]. As a result the components of the fields parallel to 
r^, T^' are set to constants. The remaining physical components parallel to T" can then be interpreted as 
the Fourier modes of the fields of a D(2 -i- ^)-brane with Lie-algebra Q wrapped on T^. 

8.2. Higher-derivative corrections 

It is natural to ask if higher-derivative corrections to M2-brane actions (governed by the expansion 
parameter £p) can be written down. For the abelian case the full higher-derivative M2-brane theory was 
written down in Chapter 1 , in the DBI approximation. For the non-abelian case, one can no longer work 
to all orders in a' because the starting point, a non-abelian analogue of DBL is still not known for multiple 
D2-branes. One approach would be to extend the duality transform of Section 8.1 by incorporating a' 
corrections. Indeed it has been shown [252] that one can extend the non-abelian duality above to convert 
the multiple D2-brane field theory with leading a' corrections into an S0(8)-invariant form for the leading 
higher-derivative corrections to multiple M2-branes.^^ 

Subsequently, the leading higher-derivative corrections to the N = S theory were calculated for both 
choices of 3-algebra signature [254], using the novel Higgs mechanism of Ref. [162]. The result, which 
we review below, strongly suggests that not just the leading term but also the higher-derivative connections 
to M2-brane actions are governed by 3-algebras, reaffirming the relevance of this mathematical structure to 
M2-branes. 



*See also [253] for an alternative proposal. 

152 



The strategy of Refs. [252, 254] is to assume that €p corrections admit an organisation in terms of the 
3-algebra product. Therefore one starts with the ansatz that the leading £p corrections take the most general 
form that can arise using 3-algebra "building blocks," but with ai^bitraiy coefficients. One then uses the 
novel Higgs mechanism to uniquely determine the value of these coefficients by matching to the leading a' 
corrections in the low-energy theory of two D2-branes. As explained in the introduction, these corrections 
are 0{£\) in M-theory and 0(a'^) for the corresponding D2-branes in string theory. Following Ref. [254], 
we first cany out this derivation for the SU(2) x SU(2) BLG theory and then briefly exhibit how it works 
for the Lorentzian 3-algebra theory. 

8.2.1. Bosonic part of the SU(2) X SU(2) theory 

We concentrate on the bosonic content of the theory. Our ansatz for the BLG theory will contain all the 
terms built out of 3-algebra "blocks" that are gauge/Lorentz invariant, dimension six and lead to expressions 
contained in the D2-brane effective action upon Higgsing. However some adjustments must be made for 
the fact that, unlike for the D2-brane theory, our fields X^ and the corresponding triple-product 

[X\ X^\X'^] = ^{X^'X-^^X'^ - X^'X'^'^X-'^ + X'^X^'^X-^) (8.2.1) 

are complex in the bi-fundamental formulation of Ref. [95]. As a result we first need to re-examine the 
definition of symmetrised trace. We propose that this definition be extended, for bi-fundamentals, to a 
symmetrisation of the objects while keeping the daggers in their original place. Explicitly 

STr(AB^ CD^) - ^Tr[A(B^CD^ + B'^DC'^ + C^DB'^ + C^BD^ + D^BC'^ + D^CB^) + h.c. ] . (8.2.2) 

Note that this reduces to the conventional definition for hermitian fields, for which adding the complex 
conjugate is not necessary. 

There is one simplification in the BLG theory that should be noted at this stage. Because of the low 
rank of the gauge group, SU(2) x SU(2), the following three {X'^^)^ terms are proportional to each other: 

Qrpj.r^/J/rj^Z/Ltj^MA'/fj^MA'Ltl _ 2K'jAx'^'^X^^^'^X'^^X''^^^ 

= iSTr[x"^X"^txiM;V;^^M;vt]^ (82.3) 

where 

^IJK ^ x^'X-'^X'^^ (8.2.4) 
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Using this, we can write down the following general ansatz for the 0{£^) corrections to the BLG-theory 

(DXf : k^ STr [a D^X' D^X''^ D^X^ DyX^^ + b F^X^ D^X^^ D^X^ DyX^^\ 
X"'^{DXf : k^ e^"' STr [c X"^D^X'^DyX^ D^X^^] 
{X"^f{DXf : k^ STr [d X"^ X"^^ D^X^ O'X^^ + e X"^ X'^^^ Df,X^ E^X^'^] 

(X"^)4 : yt^sT^Jf ^IJK ^im ^LMN ^LMmj ^ (8.2.5) 

where a, b, c, d, e, f ai^e constants which we will determine. The sum of all terms above will be denoted AX. 

Note the absence of pure gauge field terms in Eq. (8.2.5). Higher dimension combinations of CS terms 
would break invariance under large gauge transformations. Higher powers of the field strength would ex- 
plicitly break supersymmetry, which is expected to remain maximal in the {p expansion. 

The next step is to Higgs the terms in Eq. (8.2.5) and compare them with the derivative-corrected D2- 
brane theory, following our treatment of Section 5.2. It turns out that one can summarise the effect of the 
Higgsing through a set of substitution rules. For the bosonic fields, they are^^ 

lyx^ ^ i f/' , lyx' -^ {,iyx' , x'J^ -^ -^x'J , x'J'' -^ o(ji) 

DMx^f ^ _i fP , DMx'^f ^ -iiyx' , X'J^^ -^ ^X'J , X'J''^ -^ O(^) , (8.2.6) 

where F - ^e'^^'^Fy^ and X'^ - [X', X^]. In principle, these rules could be modified once higher-derivative 
corrections are included. However, as shown in Ref. [254], which the reader should consult for more details, 
these rules in fact turn out to need no modification. 

Through the substitutions Eq. (8.2.6) the various terms in the bosonic action become 

5^ - a [^f f d^xSTr[Di'rDpXJD''X'DyXJ + 2I>'X'DyX'f^(y+ Ctf^rty] 

Sl ^ h [jrf fd^x STr [iT X' Df,X' D" XJ DyXJ + ID^TD^X' T f^ + f f^ T f^] 

(j^f r d^x STr [le/^'^Df^X' fyD^^XJX'J] 

[^f fd\ STr [■f^D^'X'D^X'xj''xJ'' + ^ F f^r^Z'^] 

5 ^ = e {^f fd^x STr [^lyx'x'JX^JDpX'' + ^ ^ f^r^A:'-'] 

(^)^ fd^xSTr[^X'JXJ'x'''x"'] (8.2.7) 



5* = c 



5d - d 



5f 



^'We have put adjoint fields in boldface. Also, by abuse of notation we have used the symbol £)^ on the LHS for the covariant 
derivative of bi-fundamental fields, as defined in Eq. (3.1.33), while on the RHS it is the covariant derivative on adjoint fields. The 
distinction should be clear from the context. 
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plus terms in (9(l/v), where we are using X'J = [X', XJ]. Note that terms involving X^ are absent. This is 
as it should be, since these Goldstone degrees of freedom need to disappear from the action. Putting back 
the factor £^ in the above temis and using 



i^'y^i^] -'^ («-^-« 



Sym 
it is now straightforward to compare with the appropriate terms coming from the D2-brane theory. 



The precise form of the low-energy effective action for multiple parallel D-branes is still not known to 
all orders. However, up to order a'^ it has been explicitly obtained using open string scattering amplitude 
calculations^^ and the result agrees with Tseytlin's proposal for a DBI action with a symmetrised prescrip- 
tion for the trace [258]. Starting from D9-branes, the prescription requires symmetrisation over the gauge 
field strengths. For lower dimensional branes, T-duality requires that this carries on to scalai" covariant 
derivatives and scalar commutators [195, 259]. This proposal fails at order a'^ [260] but is good enough for 
our purposes. 

The form of the relevant action for two D2-branes is given at this order by an appropriately modified, 
dimensionally reduced version of the D9-brane answer provided in^^ [255]: 



S'^,2 = ^^^ fd'x STr[\F,,F''^Fp^F''^ - ^^F^' F ,,FP'' F p^ - \D,X' IT X' D,X^ D' X^ 

+ ^D^x'D^x'DyXJiyxJ + \x'JxJ''x'''x" - ^x'JrJx'''x''' 



- F^yF^'PDpX'iy'r - ^F^yF^'^'DpX'DPx' - ^Ff,yF''''x'''x''' 

- \DpTLfX'X''^X^^ - X'^X^^rfX^D^X' - FpyD^X'LfX^X'^]. (8.2.9) 

Note that for U(2), one has the additional simplification: 

STr [X'^Z^'^Z'^'Z''] = \STr [x'^ X'^ x''^ X^^\ . (8.2. 10) 

It is then straightforward to compare the coefficients for all of these terms to finally obtain^*' 

a-i h--i r-i 

(8.2.11) 
d = -f, e = 8, f-f. 



'^See e.g. [255-257] and references therein. 

^'Note that the coefficients here are twice their value given in [255] because the normalisation of the trace used there is 



Tr(rT*) = ^"* while we consistently use Tr((T"(T*) = 2^"*. 

™We note a sign difference in the value of the c coefficient compared to Ref. [254]. 
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It is important to note that the fixing of coefficients by the above comparison is nontrivial. There are 
3-algebra terms of Eq. (8.2.7) that, after Higgsing, give rise to terms in the D2 action Eq. (8.2.9) that 
come from different index contractions (that is, ultimately, different index contractions of the D9-brane 
theory before dimensional reduction). Also in some places, two temis in the 3-algebra theory lead to the 
same term in the D2 action. Hence, it was not obvious at the outset that there would be any values of the 
coefficients in the above expression that would lead to the D2 theory upon Higgsing. The fact that we find 
a consistent and unique set of coefficients is therefore very satisfying. 

The Higgsing of the feiTnion terms follows the above discussion closely and for this reason we will not 
review it here. 

8.2.2. The four-derivative corrections in 3-algebra form 

In this section we will re-cast our results in 3-algebra language. There are several important reasons 
to do so: One is that we will uncover some new properties of 3-algebras, arising from the fact that at 
order {^ we encounter traces of as many as four 3-algebra generators for the first time. Another is that 
coixections of order £^ are already known [252, 253] for the special case of Lorentzian 3-algebras. By re- 
writing the derivative coiTcctions of SU(2) X SU(2) BLG theory in terms of 3-algebra quantities, we will be 
able to compare them with the results of Refs. [252, 253]. Indeed, it is natural to hope that all BLG theories 
(including both SU(2)xSU(2) and Lorentzian sub-classes) originate from a common 3-algebra formulation, 
even though they were obtained using completely different procedures. As we now have all the necessary 
data for determining what that formulation is, we will compare the two classes of theories explicitly. After 
dealing with some issues of normalisation we will find that there is indeed complete agreement. 

Yet another reason to re-express our results in 3-algebra language is to open the possibility of extending 
this investigation to the N = 6 3-algebras of Refs. [99, 261] which encode, among other things, the ABJM 
field theory. In the final section we will make some general comments on how this might be done. 

We have obtained the four-derivative action in bi-fundamental notation and we now want to express it 
in 3-algebra form. For this purpose we will make use of the dictionary between the two languages that we 
described at the end of Section 3.1. Additionally, we have to deal with evaluating the symmetrised trace of 
four 3-algebra generators. Symmetry restricts its form to be 

STr(rr^r'T^) - m h^"''h"^^ , (8.2.12) 

where m is an as yet undetermined numerical coefficient. However, the Lorentzian 3-algebras can help 
us determine the latter as follows: Lorentzian 3-algebras include a set of generators corresponding to a 
compact subgroup of the theory's whole symmetry group. One is then free to choose them as the generators 
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of any semi-simple Lie algebra, e.g. SU(2). In turn, tracing over the latter leads to a flat Euclidean block 
in the 3-algebra metric, h'-' = 6'K In any four-derivative Lorentzian 3-algebra action there will be terms 
with components for which the generators in Eq. (8.2.12) run over this subset. In that case, and once again 
taking into consideration the appropriate definition of the trace, one can explicitly evaluate the following 
expression for the particular case of SU(2) 

STr(r'rr*^r') - 2 STr(^^^^) - I (5^'^5^'\ (8.2.13) 

This fixes m = j. 

Equipped with the above fact, we can finally rewrite our results and obtain the leading derivative cor- 
rections to the bosonic part of the SU(2) x SU(2) BLG theory in 3-algebra form 

+ \ e^"-* X'^^D^X^DyX^D,iX'^ 

+ 1 x'^^x'^^D'^x^Di.x^ - ^x'-'^x'^^iy'x^D^x^ 



where now 



^IJK ^ [x',X\X^^ . (8.2.15) 



8.2.3. Derivative corrections in the Lorentzian theory 

In Ref. [252] the equivalent four derivative terms were constructively obtained for Lorentzian 3-algebra 
theories and it was conjectured there that the SU(2) x SU(2)-theory should also be expressed in the terms 
of the same 3-algebra structures at four derivative order. We will now verify this conjecture. 

Let us start by quoting the result found there for the higher- derivative corrections to Lorentzian 3-algebra 
theories. To avoid confusion with the Euclidean signature theory we have been discussing so far, we will 
henceforth denote all Lorentzian 3-algebra variables with a hat symbol on top. Accordingly, our notation for 
the field variables is that the eight adjoint scalars are denoted X^ , the fermions A, the sixteen gauge-singlet 
scalars and fermions X{, A+ and the pair of gauge fields is A^,B^. 

As we saw in Section 8.1, due to constraints the fields X_,A- decouple and the fields Xl,A+ are fixed 
to be a constant and zero, respectively. It was shown in Ref. [252] that the bosonic part of the f^ correction 
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can be written entirely in terms of tlie building blocks 

A, A, I A, T A, A, T A, A, T 

A. I J ]/•- A^ J A^ J A^ J/- A^ T A^ !/■ A^ J ^ T/" ^ 1 ^ 1 

^IJK ^ x[[X\X^]+Xi[X^,X^]+Xl[X\X^]. (8.2.16) 

To simplify formulae, we present the results in symmetrised-trace form. Then Eq.(3. 14) of Ref. [252] is the 
sum of the following four terms^' (we only write the 0{it) corrections, dropping the lowest-order terms) 

{bxf : I STr (&'x'bf,x^D'x-'byX' - ^b^x'b^x'b''x^byX^) 

X'-"^{bxf : \ i^"^ STr {x^'^b^X'byX-' D^X'^) 

{x"^f{bxf : I STr {x"^x'^^b^x^b^x^ - \x'-'^x"^b^'x^b^x^) 

Here, the trace is defined using Tr(rT^) - 6"^ where a,b are adjoint Lie algebra indices. 

Note that the above expression involves all possible terms one can write down at this order using D^X^ 
and X'-^^ as building blocks, with one apparent exception: The {X'^^y^ terms could have contained one more 
distinct index contraction, namely the one with x^JK-^ulj^mnk-^mnl^ However, it is easy to demonstrate 
the identity 

^r^^(j^IJK-^I]Lj^MNKj^MNL\ _ ^r^^ Uj^lJM j^KLM j^lKN j^JLN _^ lj^lJKj^IJKj^LMNj^LMN\ (8 2 18) 

as a result of which only two of the three possible 0{X^^'^Y' terms are independent. 

8.2.4. Universal answer for the BLG theory 

We can now recover a universal answer for the four-derivative action to BLG theory for general 3- 
algebras. A reasonable guess would be to see whether Eq. (8.2.14) provides the answer by simply replacing 
the SU(2) X SU(2) structure constants and metric with their Lorentzian counterparts inside the expressions. 
One then finds that all terms and coefficients in Eq. (8.2.17) can be readily obtained except for OiX''^^)^. 
This discrepancy is easily traced back to the difference between the identities obeyed by quaitic powers 
of triple-products in the two cases and is resolved by noticing that Eq. (8.2.3) is actually a special case of 
Eq. (8.2.18), due to the particularly simple nature of the SU(2) X SU(2) structure constants ef''"^'^. Therefore, 
at least within the class of BLG theories we are considering, we may assume that Eq. (8.2.18) holds in 
general, thereby dropping the hat in this equation. 



We have corrected a few of the coefficients. 

158 



This raises the interesting question, which to our knowledge has not yet been resolved, of whether this 
identity is also obeyed by other indefinite-signature BLG theories, notably those with multiple time-like 
directions as discussed in [111, 114, 250]. If the answer turns out to be in the affirmative, we would have 
found a new relation for quartic products of structure constants that holds for a generic N = S 3-algebra. 

With these observations we can at last write a common expression for both SU(2)xSU(2) and Lorentzian 
BLG theories 

•^BLGf^ ^ 4 fd^xSTr[^[l>'X'Df,X^D''X-'DyX'-^iy'X'Df,X'D''X-'DyX^) 
+ i £^^'' (x^'^D^X'DyX^DAX^) 
+ I (x'^^X'^^iyX^Df^X^ - \X'-"^X"'^DI'X^D^X^) 

It is very satisfactory that one can obtain the precise coefficients of Eq. (8.2. 1 1) as well as Eq. (8.2. 17) from 
this expression upon specifying the 3-algebra. 

In a similar manner, one can write down corrections for the fermion terms in 3-algebra form, the details 
of which are presented in Ref. [254]. The resulting theory is expected to be supersymmetric, and some initial 
results in this direction appeared in [262]. The full set of next-to-leading-order corrected supersymmetry 
transformations (to lowest order in the fermions) that leave the SU(2) X SU(2) BLG lagrangian invariant 
were presented in [263]. Computing the derivative corrections to the N = 6 ABJM theory is an interesting 
and important problem that remains open at the time of writing. 

8.3. Applications to M5-branes 

We now switch geai^s and discuss an application of 3-algebras to the theory of M5 branes. We have 
already seen several times how one can attempt to make a connection between M2 and M5-brane theories 
through M2J-M5 funnels and "dielectric" configurations. This is because, compared to M2-brane systems, 
the formulation of an M5-brane theory is difficult at best: Even for the case of a single fivebrane it does not 
seem possible to write down a six-dimensional action with conformal symmetry because of the self-duality 
of the three-form field-strength [264]. In addition, the theory of multiple M5-branes is given by a conformal 
field theory in six-dimensions with mutually local electric and magnetic states and no coupling constant. All 
of these features are difficult to reconcile with a lagrangian description.^^ However, ffie covariant equations 
of motion for the abelian M5-brane have been known for some time [270-272]. 



^^However, note that there exist proposals for lagrangian descriptions which relax some of the original assumptions and involve 
sacrificing manifest 6d Lorentz invariance [265, 266], introducing a non-dynamical auxiliary scalar field [267, 268] or imposing 
the self-duality condition directly at the level of the quantum theory [269]. 
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In this section we investigate a potential direct relation between 3-algebras and multiple M-theory five- 
branes by studying the equations of motion of a non-abelian (2, 0) tensor multiplet. Starting with the set 
of supersymmetry transformations for the abelian M5-brane, one can write an ansatz for a non-abelian 
generalisation. However, apart from the expected non-abelian versions of the scalars, fermions and the anti- 
symmetric three-form field strength, it turns out that one needs to also introduce a gauge field as well as a 
non-propagating vector field that transforms non-trivially under the non-abelian gauge symmetry and has a 
negative scaling dimension. Curiously, the ansatz involves "structure constants" with four indices that can 
be associated to a 3-algebra [273]. 

8.3.1. A non-abelian (2, 0) tensor multiplet 

We start by giving the covariant supersymmetry transformations of a free six-dimensional (2, 0) tensor 
multiplet 

6X' - ieY^'V 

6H^y,i = 3/er^A]^, ■ (8.3.1) 

where // = 0, ...,5, / - 6, ...,10 and H^y,\ - 3d\j^Byx\ is self-dual. The supersymmetry generator e is 
chiral: roi2345e = e and the fermions Y are anti-chiral: roi2345^ = -^- This algebra closes on-shell, with 
equations of motion 

r^^P-O, d^ff'X' = Q, %fl-vip] = 0. (8.3.2) 

We note that, from the point of view of supersymmetry, it is sufficient to write the algebra purely in tenns 
of ///iv/i, and not mention B^y. 

We wish to try and generalise this algebra to allow for non-abelian fields and interactions. To this end 
we again assume all fields take values in some vector space with a basis Ta, so that X' = X'^T", etc, and 
promote the derivatives to suitable covariant derivatives 

oX-d^Xi-A'^^aXi , (8.3.3) 

where A^„ is a gauge field. We wish to have a system of equations in six-dimensions with (2, 0) supersym- 
metry and an S0(5) R-symmetry. 

In order to obtain a term analogous to the [X^X'^] for 5*P in (8.3.1), we need to introduce a F^ matrix 
to account for the fact that e and *P have opposite chirality. A natural guess is to propose the existence of a 
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new field C^. Starting from a suitably general possibility one then finds that the following ansatz works 

6C''a = 0. (8.3.4) 

Here again we see the appearance of 3-algebra-like f'^'^^a "structure" constants. As with the abelian case we 
also impose self-duality on the 3-form, H^yXa = ji^fivATo-pH^'^^a- 

The closure computation works in spirit much like the cases in Chapter 3. To summarise the results,^^ 
one finds that closure of (8.3.4) is on-shell and subject to the equations of motion 

D^X', = '-^cC'sTy^df'\ + ClCy,Xixix'fff^,f'"'a 

^\}itivAp]a — ~'7^fjvApcrT^ijX^U X^J a ~ 'jf/jv/tpcrT^/^ i ct i^/J ^ 

T'^D^W,, = -XiClT,T'^dr'\ 

F^v\i - -C^H^yXiif 'a , (8.3.5) 

as well as the conditions 

CPDpXy"'\ = , D,C: - 

C',D,^Df''a - , Ciqf'',, = 

C'cDpH^yAar'\, = 0. (8.3.6) 

Furthermore one finds that the structure constants are anti- symmetric: f"'^'^d = f^"'"^^d and obey the fun- 
damental identity: f^"'^'^ ef'^'^^ g - 0. These are precisely the structure constants for a real 3-algebra. We 
additionally need to endow the 3-algebra with an inner-product Tr(r", T'^) - h"^ with which one can con- 
struct gauge-invariant quantities. This in turn implies that f"^'^'^ - h'^''f"^'^g is anti-symmetric in c, d and 
hence anti-symmetric in all of a, b, c, d. 

The consistency of the above set of equations with respect to their scaling dimensions gives 

[//] = m + \, m = i, [c] - 1 - [X] 



'Full details of the calculation can be found in [273]. 
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Ve\ = -{, m = {X] + \, {X], (8.3.7) 

so one could still make this work with a set of noncanonical assignments that are related to the choice of 
[X]. However the canonical choice is [X] = 2, [//] - 3, [*F] = |, [C] = -1. In particular, we see that the 
new field C^ has scaling dimension - 1. The theory does not have any a priori dimensional or dimensionless 
parameters. Therefore if we compactify it on a circle of radius R, we expect the expectation value of C^ to 
be proportional to R, purely on dimensional grounds. 

What is the physical content of the above equations? One sees immediately from (8.3.6) that the fields 
cannot depend on the coordinate that is parallel to C^. Thus the system is more of a five-dimensional 
theory than a six-dimensional one. However this is not entirely so. One can compute the six-dimensional 
energy-momentum tensor [274] 



'^'VlnvCjyXgX^CxgXjXgf f d+-7H^ApaHv' 

-'■fj^^^Dy^" + jrjf.y^'ar'D.'i'" - '-v^,y'VaClx[T,T'^df''"^ (8.3.8) 

of this theory and find that it does carry all six momenta [274]. In particular one finds that the momentum of 
associated to the missing coordinate parallel to C^, is given by the instanton number of the gauge fields over 
the purely spatial submanifold. Since this is discrete, we see that one can in principle interpret the system 
as applying to a case where one dimension has been compactified on a circle. 

8.3.2. Relation to five-dimensional SYM and DLCQ 

As we have already seen in Section 8.1, 3-algebras can be classified according to the signature of 
the metric in group space. We next investigate the vacuum solutions of our six-dimensional equations 
for both Lorentzian and Euclidean possibilities. Let us begin with a Lorentzian-signature 3-algebra T" = 
|y,+ y,- y,Aj ^jjj^ structure constants given by 

r^'c = f'c , f''^ = f'' , (8-3.9) 

where f^^^ ^^ "^^e structure constants of the Lie algebra Q and all remaining components of /"'" ^ van- 
ishing. We look for vacua of this theory in the particular case of ^ = 5u{N) by expanding around the 
point 

{C\) = g6l6\, (8.3.10) 
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while all other fields are set to zero. One then has from the fourth Une of (8.3.5) that 

Faji A = -gHa/35 of A, (8.3.11) 

with jU = {0, 1, 2, .., 5), a = {0,1,2, 3, 4) and all other components of F^y^s vanishing. As a result, the latter 
coiTespond to flat connections that can be set to zero up to gauge transformations, while the second equation 
in (8.3.6) reduces to d^g - 0, rendering g constant. 

The rest of (8.3.5)-(8.3.6) become: 

= b"b,x\-g'-^>j,T'^>,f''A-g'xi,xixy^^Df''A 

= b''H„^5A + \gf''AiX'cbfsX'j, + !^<¥cTf,^'D) 

= r''Df,^A + gx'cr5r'^'Df''A 

= dsX'jj = d5'i' D^dsH^yAD, (8.3.12) 

where DaX'^ - daX'j^ - Aa^A^g, while one also has from (8.3.4) that 
6X'^ = ieT'^VA 

6^A = T"r'D,,x'^e + ^T,^r5H'f€-^r5r''x'cXi,f''A^ 

6A^\ = ier„T5^df\- (8.3.13) 

We immediately see that with the identifications 

S = s\m > fi%5 = —^P% ' 4^ - ^« cf'A . (8-3.14) 

Sym 

we recover the equations of motion, Bianchi identity and supersymmetry transformations of five-dimensional 
SU(n) super- Yang-Mills theory. In particular since g has scaling dimension -1, we see that gym also has the 
correct scaling dimension. Furthermore the fundamental identity reduces to the Jacobi identity for the struc- 
ture constants of 5u(n). Hence the off-shell S0(5, 1) Lorentz and conformal symmetries are spontaneously 
broken to an S0(4, 1) Lorentz invariance. 
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However, we also have the additional equations 



= ff'd^Xi 

= d[pHy^p] + 

= r^5„^± , (8.3.15) 



with transformations 



6X1 = /er^^i 

SH^yA± = 3/6r^A]^±. (8.3.16) 

These comprise two free, abelian (2, 0) multiplets in six dimensions. 

Thus for the choice of a Lorentzian 3-algebra, the vacua of the theory correspond to the ones for 
five-dimensional super- Yang-Mills along with two free, abelian (2, 0) multiplets which are genuinely six- 
dimensional. Presumably one must be gauged away in order to have a well-defined system of equations 
with positive definite energy. How about the case of a Euclidean 3-algebra? It turns out that this behaves in 
a qualitatively similar manner. On the other hand, taking 3-algebras with more than one timelike direction 
has been shown to lead to descriptions of various other p-branes in string theory [275, 276] in a manner 
similar to the BLG case above. 

One can also study this system of equations when the reduction is performed on a time-like or null 
direction. For the latter case we introduce hghtcone coordinates x>^ = {x'^,x~,x'] and take C(^ = g5+5^, 
in which case the constrains (8.3.6) lead to supersymmetric system where the fields depend on 4 space 
(x') and one null dimension x". The equations that follow from (8.3.5) in this case ai^e rather novel, for 
example the scalar potential vanishes, and yet they are invariant under 16 supersymmetries and an S0(5) 
R-symmetry. It was shown in [274] that these equations can be reduced to one-dimensional evolution on an 
instanton moduli space, where x~ plays the role of time. Time evolution is then generated by the conserved 
momentum T and this leads to geodesic motion on moduli space, modified by the inclusion of a potential 
and background gauge field when the scalars have non-vanishing VEVs. This system can then be quantised 
and this leads to the DLCQ description of the (2, 0) theory given by [277, 278]. 

We therefore see that with the help of 3-algebras, it is possible to go from a conventional description of 
five-dimensional super- Yang-Mills, the low-energy theory on the D4-brane worldvolume, to an equivalent 
3-algebraic version with off-shell S0(5, 1) and conformal symmetries, as was also the case for D2-branes 
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in Section 8.1. Furthennore, this approach naturally includes the DLCQ quantisation of the M5-brane. 
Thus the system (8.3.4)-(8.3.6) seems capable of describing M5-branes in the case that one dimension is 
compactified on a circle. Hopefully in this way new light can be shed on M5-branes by re-formulating D4- 
branes in terms of a (2, 0) system. This might be pertinent given the recent conjectures stating that the (2, 0) 
theory should be defined as the strong-coupling limit of five-dimensional super- Yang-Mills [279, 280]. 

In any case, these results should be viewed as exploratory in terms of applications to M5-branes. Even 
if we had achieved complete success in writing down a fully six-dimensional system of equations it would 
still not be enough to define the quantum theory without also giving a lagrangian or some quantisation 
prescription. Nevertheless it is of interest to try and see what structures might be at play. The role of 3- 
algebras, and in particular totally anti-symmetric Lie 3-algebras, was not an assumption but rather emerged 
through the demands of supersymmetry. It is tempting to note these 3-algebra structures seem related 
to 2-groups and 2-Lie algebras which have arisen in the mathematical literature {e.g. see [281-283] and 
references therein). 

We should also mention that the M5-brane has been associated more directly with the M2-brane theories 
of Chapter 3, where the 3-algebra is taken to be the Nambu bracket associated to a 3-manifold S [284-290]. 
There have also been other approaches to the M5-brane that we have not been able to review here [170, 291- 
295]. 
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9. Closing remarks 

In this review we have attempted to explain some of the key developments regarding membranes in 
M-theory over the last five or six yeai^s. These largely concern the formulation of 2+1 dimensional quan- 
tum field theories with extended superconfomial invariance that describe multiple M2-branes. Conformal 
Chem-Simons gauge theories form an essential part of such field theories. 

In contrast to Yang-Mills gauge theories, the amount of supersymmetry of a Chem-Simons gauge theory 
is largely controlled by the choice of the non-simple gauge group. Furthermore the matter fields do not sit in 
the same, adjoint, representation as the gauge fields. We have seen that a key property of multiple membrane 
theories is the central role played by the mathematical structure of 3-algebras, which are generalisations of 
the usual Lie algebras that define the more famihar Yang-Mills theories. Specifying a 3-algebra is equivalent 
to giving a Lie-algebra along with a preferred representation. The symmetry properties of the 3-algebra are 
relatively directly related to supersymmetry and they explain the seemingly odd choices of gauge group that 
are required by extended supersymmetry. 

Another key aspect, which enabled the analysis of these theories at a remarkable level of detail, is that 
the quantised Chern-Simons level k defines the coupling constant \lk of the theory, so that in the limit of 
large k the theory becomes weakly coupled. From the bulk side k is associated to the rank of an orbifold 
group, so one is really considering M2-branes propagating in a family of different backgrounds labeled by 
an integer, which at ^ = 1 reduces to the flat, trivial background. On the other hand, in the limit of large k 
there exists a duality between these field theories and AdS4 backgrounds in type IIA string theory /M-theory, 
constituting a new and tractable example of AdS/CFT. These insights have made it possible to break fresh 
ground in recent years in a subject that dates back over a decade and a half. 

Naturally, the angle thr^ough which these developments were presented was influenced by the authors' 
own contributions and interests. Several important developments in this area have been omitted from 
this review, a significant one being the study of integrability in the AdS/CFT correspondence, of which 
AdS4/CFT3 forms an important recent class of examples with the CFT in question being one of the theories 
we have described here. This is a subject on its own, with its own language, motivations, features and re- 
sults. For a review of M2-branes and AdS/CFT see [137]. Furthermore we refer the reader to the overview 
[138] of integrability in string theory, and more particularly to Ref. [139] which is devoted to integrability 
in AdS4/CFT3. 

Using the results that we have covered as a starting point, the most urgent area of investigation is clearly 
the dynamics of multiple M5-branes. Here we have surveyed some recent progress in this direction but 
it is likely that much more will come in the near future. There are of course many other open questions 
within the vast and beautiful stmcture of M-theory; we hope that their resolution will continue to benefit 
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both mathematics and physics. 
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